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Abstract
The Tree of Life is the graphical structure that represents the evolutionary process
from single-cell organisms at the origin of life to the vast biodiversity we see today.
Reconstructing this tree from genomic sequences is challenging due to the variety
of biological forces that shape the signal in the data, and many of those processes
like incomplete lineage sorting and hybridization can produce confounding infor-
mation. Here, we present the mathematical version of the identifiability proofs
of phylogenetic networks under the pseudolikelihood model in SNaQ [19]. We
establish that the ability to detect different hybridization events depends on the
number of nodes on the hybridization blob, with small blobs (corresponding to
closely related species) being the hardest to be detected. Our work focuses on
level-1 networks, but raises attention to the importance of identifiability studies on
phylogenetic inference methods for broader classes of networks.
1 Introduction
Background. The Tree of Life is a massive graphical structure which depicts all living organisms.
Graphical structures that represent evolutionary processes are denoted phylogenetic trees. In mathe-
matical terms, a phylogenetic tree is a fully bifurcating tree in which internal nodes represent ancestral
species that over time differentiate into two separate species giving rise to its two children nodes
(see Figure 1). The evolutionary process is then depicted by this bifurcating tree from the root (the
origin of life) to the external nodes of the tree (also denoted leaves) which represent the immense
biodiversity of living species in present time.
Recently, scientists have challenged the notion that evolution can be represented with a fully bi-
furcating process, as this process cannot capture important biological realities like hybridization,
introgression or horizontal gene transfer, that require two fully separated branches to join back. Thus,
recent years have seen an explosion of methods to reconstruct phylogenetic networks, which naturally
account for reticulate evolution (see [7] for a review on network methods).
Estimating phylogenetic networks from genomic data is challenging because the signal in the data is
confounded by the myriad of biological processes that shape it. Work on theoretical guarantees of
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Figure 1: Left: Rooted phylogenetic tree on bear species[13]. Internal nodes represent speciation
events and are depicted with gray circles (usually omitted on phylogenetic trees). Center: Rooted
phylogenetic network on bear species [13] with h = 1 hybridization event represented by the green
arrow. Hybrid node represents a reticulation event and is depicted in green (usually omitted on
phylogenetic networks). The hybrid node has two parent edges: minor hybrid edge in green labeled
γ = 0.42 and major hybrid edge in black labeled 1 − γ = 0.58. The reticulation event can represent
different biological processes: hybridization, horizontal gene transfer or introgression. Right: Semi-
directed network for the same biological scenario in center. Although the root location is unknown,
its position is constrained by the direction of the hybrid edges. For example, the Asiatic black bear
cannot be an outgroup.
network estimation methods are still lacking (but see [15, 22, 8, 4]). Here, we characterize which
types of phylogenetic networks can be estimated from genomic data, thus providing theoretical
guarantees to phylogenetic inference methods. In particular, we focus on the pseudolikelihood model
in [19], and follow up on their work by providing more mathematical details that had to be excluded
for biological audiences. Our rationale for the mathematical details of the proofs is to allow further
mathematical developments to be built upon what we demonstrated.
Main findings. Hybridization events create blobs (or cycles) in the network (see Figure 1). We
prove that a hybridization cycle can be detected under a pseudolikelihood model only if it spans
4 or more nodes. This rules out gene flow between closely related species, such as sister species.
Our work provides theoretical guarantees to the pseudolikelihood estimation of larger hybridization
cycles, while bringing up attention to the need for novel models and methods to estimate gene flow
between closely related species. The theoretical guarantees for the pseudolikelihood estimation[19]
are paramount since it is a highly scalable and parallelizable method which has the potential to
analyze big genomic data with high accuracy.
Comparison to [19]. In 2016, [19] published the first pseudolikelihood estimation method for
phylogenetic networks, and this work studies the detectability of hybridization events and the
estimability of numerical parameters for the restricted case of level-1 networks. However, in this
paper, the mathematical proofs of identifiability could not presented with the necessary mathematical
rigor given that the manuscript was published in biological journal. The lack of mathematical details
in [19] makes difficult to expand the work to broader classes of networks. Our work fills this gap by
providing the mathematical details of the identifiability proofs in [19] in hopes to open the door to
future developments on this important topic.
2 Topology identifiability: detectability of specific hybridizations
Our main result characterizes which hybridization events in a level-1 phylogenetic network are
detectable from a set of concordance factors as input data under a pseudolikelihood model as in [19].
Our main parameter of interest is the topologyN of a phylogenetic network along with the numerical
parameters of the vector of branch lengths (t) and a vector of inheritance probabilities (γ), describing
the proportion of genes inherited by a hybrid node from one of its hybrid parent (see Figure 1). We
assume this network is explicit, level-1 and semi-directed as in [19]. See Supplementary Material
(Section A) for more details on the network.
The data for our pseudolikelihood estimation method is a collection of estimated gene trees {Gi}gi=1
from g loci (ortholog region in genome with no recombination). These gene trees are unrooted and
only topologies are considered (no branch lengths). To account for estimation error in the gene trees,
we do not consider the gene trees directly as input data, but we summarize them into the concordance
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z1
z1k = 2 k = 3 k = 4 k ≥ 5Figure 2: k-cycle level-1 semi-directed networks with n leaves. Here we label the edges withzi = exp(−ti) as will be used in the CF polynomial equations.factors[5]. See the Supplementary Material for more details on concordance factors (Section B), andon pseudolikelihood model (Section C).Definition 1 (CF polynomials). LetN be n-taxon explicit level-1 semi-directed phylogenetic networkwith h hybridizations. This network defines a set of 3(n4) CF equations from the coalescent modelwith parameters t and γ. Denote this system of equations as CF(N , t,γ). If we change the variableof all branch lengths as zi = exp (−ti), then CF(N ,z,γ) is a system of polynomial equations.To show that a given hybridization is detectable, we compare the theoretical formulas of the CFs givenby a species network with h hybridization events to those given by a species network without thehybridization event of interest (that is, with h − 1 hybridizations). We prove that these equations donot share any feasible solutions, and thus, the same set of observed CFs cannot have been generatedby both the species network with h hybridizations, and the species network with h − 1 hybridizations.Definition 2 (Detectability). LetN be a n-taxon explicit level-1 semi-directed phylogenetic networkwith h hybridizations. LetN ′ be a copy of networkN without the ith hybridization.• We say the ith hybridization event in N is detectable if the system of CFs fromN does notmatch the system of CFs for N ′ for any set of numerical parameters (t,γ, t′,γ′).• We say the ith hybridization event in N is generically detectable if the system of CFs fromN matches the system of CFs for N ′ on a set of numerical parameters (t,γ, t′,γ′) ofmeasure zero.Intuitively, Definition 2 says that a hybridization is detectable if the network that contains it and anetwork without it (but identical to the original network in every other sense) cannot produce thesame set of CFs.Definition 3 (k-cycle [10]). LetN be a n-taxon explicit level-1 semi-directed phylogenetic networkwith h = 1 hybridization. N is denoted a k-cycle network if the cycle produced by the hybridizationhas k nodes. The hybridization is also denoted a k-cycle hybridization.Figure 2 shows different k-cycle level-1 networks. The subnetworks illustrated as triangles couldhave any number of hybridization events as we will only focus on a given hybridization of interest inthe proofs of detectability. That is, for a network with h > 1 hybridization events, as we focus on onehybridization at a time to prove detectability (Definition 2), we will denote a network k-cycle if thehybridization of interest has k nodes on the hybridization cycle.Next, we list two assumptions for the main theorem on detectability of hybridizations. The assump-tions refer to a n-taxon explicit level-1 semi-directed phylogenetic networkN with h hybridizations.(A1) All branch lengths ti ∈ (0,∞) for i = 1, . . . , ne and all inheritance probabilitiesγj ∈ (0,1) for j = 1, . . . , nh. Here, ne represents the number of edges and nh thenumber of hybrid edges (Section A).(A2) Let the hybridization of interest define a k-cycle that divides the taxa on k subsets, eachwith nk leaves (see Figure 2), then we assume that nk ≥ 2 for every subgraph k.Next, we present our main theorem on topology identifiability. In short, Theorem 1 shows thathybridization events with 3 or more nodes in the cycle can be detected with the set of CFs as long3
as we rule out inheritance probabilities of γ = 0 or 1, hard polytomies (t = 0) and branches without
ILS (t =∞). In addition, we need to rule out single-taxon sampled (nk = 1) for all the subnetworks
defined by the hybridization cycle (see Figure 2). All these cases are ruled out by assumptions (A1)
and (A2). We will explore the single-taxon cases in Section 2.1.
Theorem 1. Let N be a n-taxon explicit level-1 semi-directed phylogenetic network with h
hybridizations. Let N be a ki-cycle network on the ith hybridization.
• If ki = 2, then the ith hybridization is not detectable.
• If ki ≥ 3, and A1-A2 hold, then the ith hybridization is detectable.
The proof of Theorem 1 is in Section 5.1.
2.1 Single-taxon cases
When there is a single taxon sampled from any of the subnetworks defined by the hybridization cycle,
assumption A2 is violated. That is, this is the case when nk = 1 for some k in Figure 2. We found
that k-cycle hybridizations for k ≥ 4 can be detected even if only one taxon is sampled from all
the subnetworks. However, 3-cycle hybridizations are no longer detectable, as is presented in the
following theorem.
Theorem 2. Let N be a n-taxon explicit level-1 semi-directed phylogenetic network with h
hybridizations. Let N be a ki-cycle network on the ith hybridization. If assumption A1 holds:
• For ki = 3,
– if nj = nk = 1 for any j, k ∈ {0,1,2} (j ≠ k), then this 3-cycle hybridization is not
detectable.
– if nj > 1, nk > 1, nl = 1 for j, k, l ∈ {0,1,2}, then this 3-cycle hybridization is
generically detectable.
• For ki ≥ 4, if nk ≥ 1 for all k, then the ki-cycle hybridization is detectable.
The proof of Theorem 2 is in Section 5.2. In short, there can be single taxon sampled from any of
the subgraphs in a k-cycle hybridization and the hybridization is still detectable for k ≥ 4. We note
that the 3-cycle with only one single taxon sampled on two out of the three subnetworks cannot be
detected, and this case corresponds to gene flow between sister taxa.
3 Numerical parameters finite identifiability
For the hybridization events that satisfy the conditions on Theorems 1 and 2 and are thus detectable,
we study whether we can estimate the associated numerical parameters (Figure 2).
Parameter identifiability implies that the CFs equations have a unique solution (t∗,γ∗). That is, there
are not multiple parameter values that can produce the same set of CFs. Proving uniqueness of solution
in polynomial equations is challenging. Therefore, we will only prove finite identifiability[17], which
means that the set of CF equations have finitely many solutions.
Definition 4. Let N be n-taxon explicit level-1 semi-directed phylogenetic network with h hy-
bridizations and let {thi ,γhi} be the subset of numerical parameters {t,γ} in N that appear in
the hybridization cycle defined by the ith hybridization. We say that these parameters are finitely
identifiable[17] if there are finitely many parameter values that can produce the set of CFs.
Next, we present our main theorem in parameter identifiability, which describes that parameters in
3-cycle networks are not finitely identifiable, but parameters in k-cycle networks for k ≥ 4 are.
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Theorem 3. LetN a n-taxon explicit level-1 semi-directed phylogenetic network with a ki-cycle
on its ith hybridization. Let ki ≥ 3 to satisfy hybridization detectability in Theorem 1. Let
θi = {thi ,γhi} be the subset of numerical parameters associated with this hybridization cycle.
Under A1-A2:
• If ki = 3, then the numerical parameters in θi are not finitely identifiable.
• If ki ≥ 4, then the numerical parameters in θi are finitely identifiable.
The proof of Theorem 3 is in Section 5.3. In short, Theorem 3 shows that the CFs contain enough
information to estimate the numerical parameters of hybridization cycles with 4 or more nodes. Note
that this result depends on assumption (A2). We show in Section 3.1 that 4-cycle hybridizations can
become not finitely identifiable when single taxa are sampled from the subgraphs.
For the cases when the numerical parameters are not finite identifiable (3-cycle networks and single-
taxon cases in Section 3.1), we propose a reparametrization that will allow us to estimate a subset of
the numerical parameters in SNaQ (see [19]).
3.1 Single-taxon cases
It turns out that A2 can be violated in some cases, and parameters can remain finitely identifiable. We
only explore 4-cycle hybridizations, since we already showed that parameters in a 3-cycle hybridiza-
tion are not even finitely identifiable under A2, and parameters for k-cycle hybridizations (k ≥ 5)
can be estimated via sub-sampling with 4-cycle hybridizations (see Lemma 5 in the Supplementary
Material Section 5.4).
Theorem 4. Let N be a n-taxon explicit level-1 semi-directed phylogenetic network with a
4-cycle hybridization with parameters associated to this cycle θ = {th,γh}. Under A1:
• If n1 > 1 or n2 > 1 (Figure 2), then the numerical parameters in θ are finitely identifiable.
We denote these cases good diamonds [19].
• If n0 = n1 = n2 = 1, n3 > 1 (bad diamond I [19]), or if n0 > 1, n1 = n2 = n3 = 1 (bad
diamond II [19]) then the numerical parameters in θ are not finitely identifiable.
The proof of this theorem is combined with the proof of Theorem 3 in Section 5.3. We note that the
bad diamond I had already been studied in [16] in addition to [19].
4 Discussion
Main findings. We prove that hybridization cycles of different sizes vary in their detectability poten-
tial. Cycles of 4 or more nodes are easily detected from concordance factors under a pseudolikelihood
model, while cycles of 2 nodes are totally undetectable. 3-cycle hybridizations can be detected under
certain sampling schemes. In particular, we found that gene flow between sister species – common in
real-life biological data – cannot be detected at all. We also prove that we can estimate numerical
parameters on the network (branch lengths and inheritance probabilities) for hybridization cycles of 4
or more nodes.
Our work provides theoretical guarantees to the pseudolikelihood estimation of larger hybridization
cycles, while bringing up attention to the need for novel models and methods to estimate gene flow
between closely related species (small cycles). Our work allows us to promote pseudolikelihood
estimation as a theoretically sound method, which is also highly scalable and parallelizable to meet
the evergrowing needs of big genomic data.
Limitations and Future work. We restricted our work to the class of level-1 networks. Our findings
cannot be extended directly to a broader class of networks, like level-k or tree-child networks[11],
because this assumption is crucial for the proof of Lemma 3 which allows us to study hybridization
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events separately from each other. More work needs to be done in order to characterize identifiable
networks of broader classes, as hybridization events would more readily interact with one another,
creating a messier pattern in the CF equations. In addition, our work does not tackle the identifiability
of the network topology as a whole, but rather the detectability of hybridization events. Future work
will try to provide theoretical guarantees for identifiability on the whole topology which involve
comparing whether different networks can produce similar signal in the data.
Finally, our work was restricted to the pseudolikelihood model due to its scalability potential. Yet the
identifiability of the likelihood model remains under studied to this day. In the future, we will explore
the identifiability of the likelihood model, which we suspect can have the potential to estimate smaller
cycles (3-cycles) that the pseudolikelihood cannot.
Comparison to [19] and [4]. As already mentioned, in 2016, [19] published the first pseudolike-
lihood estimation method for phylogenetic networks. In this work, we studied the detectability of
hybridization events and the estimability of numerical parameters for the restricted case of level-1
networks. Many of the mathematical proofs and derivations had to be excluded from the manuscript
because it was published in a biological journal. The lack of mathematical details made it almost
impossible to build upon that work to extend to broader classes of networks. Our manuscript fills this
gap by providing the mathematical details of the identifiability proofs in [19] in hopes to open the
door to future developments on this important topic. In 2019, [4] published identifiability proofs for
level-1 network topologies. [4] falsely claims that [19] “[...] arguments do not include investigations
on network properties such as cycle sizes”, yet [4] corroborates the results in [19] under a different
theoretical approach (graph theory), and identifies a combinatorial strategy for inferring networks
which later appeared in [1]. In addition to topology identifiability, [19] and this present work prove
finite identifiability of numerical parameters (branch lengths and inheritance probabilities), whereas
[4] focus exclusively on topology identifiability.
5 Proofs
5.1 Proof of Theorem 1: detectability of hybridizations
Proof of Theorem 1. By Lemma 3 (Section 5.4), we know that we can focus on one hybridization
at a time, and thus, the system of CF polynomial equations depend only on the parameters around
the chosen hybridization. Without loss of generality, choose the ith hybridization in N . LetN be a ki-cycle network on the ith hybridization. Let T be the subnetwork of N obtained by
removing the minor hybrid edge on the ith hybridization. The gist of the proof is that we will find
under which parameters (branch lengths and inheritance probabilities) does the system of equations
CF (N ,z,γ) = CF (T ,w) has a solution with aid of the Mathematica software [12] (see the
Reproducibility section for information on the scripts). Intuitively, if there exist a set in parameter
space for which the network and the subnetwork produce the same CFs, then the hybridization is not
detectable.
For ease of reading, we placed all large figures and tables in Section D.
Proof for 2-cycle. If ki = 2, then we obtain the following system of polynomial equations by setting
CF (N ,z,γ) = CF (T ,w). Recall that zi = exp(−ti) for ti branch length inN , and wi = exp(−t′i)
for t′i branch length in T .
 
γ (1 − 2
3
z1z1−γz0) + (1 − γ) (1 − 2
3
z1zγz0) = 1 − 2
3
w0,1
γ
1
3
z1z1−γz0 + (1 − γ)1
3
z1zγz0 = 1
3
w0,1
γ
1
3
z1z1−γz0 + (1 − γ)1
3
z1zγz0 = 1
3
w0,1
This system has a solution when w0,1 = γz1z1−γz0 − γz1zγz0 + z1zγz0 for any values of (z,γ).
Thus, both N and T can yield the same set of CFs for a properly chosen branch length w0,1 for any
values of (t,γ). Therefore, the hybridization in this case is not detectable.
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For ki ≥ 3, by Lemma 1 (Section 5.4), we only need to consider the CF equations when nk = 0,1,2 in
the ki subgraphs defined by the hybridization cycle. By Lemma 3, these subgraphs can be considered
subtrees. By assumption A2, we know that there are at least 2 taxa in each subtree, so all CF equations
are well-defined (but see Section 2.1 for cases when there is only a single taxon sampled from some
of the subtrees).
Proof for 3-cycle. For ki = 3 (Figure 8), the equations CF (N ,z,γ) = CF (T ,w) (Table 1) have a
solution if and only if
• γ = 0 or γ = 1 (which are the trivial cases),
• or for γ ∈ (0,1), under scenarios that convert the 3-cycle into a 2-cycle or that violate
assumptions A1-A2 (see Figure 9).
That is, Figure 9 shows that the 3-cycle hybridizations that are not detectable for γ ∈ (0,1) are
those that i) by contracting a branch on the cycle, one ends up with a 2-cycle hybridization, or
ii) by expanding certain branches to infinity, the branch becomes ILS-free. This implies that all
individuals that are descendent to this branch (say n1 in Figure 9 top right) will necessarily coalesce,
so this scenario is equivalent to having only one individual n1 = 1, and this violates assumption A2.
Similarly, all non-detectable 3-cycle hybridizations violate the A1 assumption.
We conclude that all non-detectable 3-cycle hybridizations correspond to 2-cycle or violations of
assumptions A1-A2. Thus, assuming A1-A2, 3-cycle hybridizations are detectable.
Proof for 4-cycle. For ki = 4 (Figure 10), the equations CF (N ,z,γ) = CF (T ,w) (Tables 2 and 3)
have a solution if and only if
• γ = 0 or γ = 1 (which are the trivial cases),
• or for γ ∈ (0,1), we need to have z2,3 = 1 (t2,3 = 0), which necessarily takes us back to the
3-cycle case (see Figure 11 left), in addition to other conditions (listed below) which simply
result in the already studied undetectable cases in 3-cycle hybridizations.
Set 1: 4-cycle with t2,3 = 0, γ ∈ (0,1). The first set of additional conditions has z1,3 = 1 (t1,3 = 0)
which takes us back to the 2-cycle case (which we already knew was undetectable):
1. z1,3 = 1
2. z1,3 = 1, z0 = 0
3. z1,3 = 1, z2 = 0
4. z1,3 = 1, z0 = 0, z2 = 0
5. z1,3 = 1, γ2z0,2 = (1 − γ)(γz0,1 − 2γ − z0,1)
6. z1,3 = 1, z2 = 0, γ2z0,2 = (1 − γ)(γz0,1 − 2γ − z0,1)
Set 2: 4-cycle with t2,3 = 0, γ ∈ (0,1). The second set of additional conditions has z1 = 0 (t1 =∞),
which takes us back to an undetectable 3-cycle hybridization in Figure 9 (bottom right). The other
condition in number 1: γ(z0,2 − 1) = (1 − γ)(z1,3 + z0,1 − 2) is equivalent to the one in Figure 9
(bottom right) by replacing z1,3 with the corresponding branch in the 3-cycle case of z1,2. The other
condition on z0,2 in number 2 is equivalent to the one in number 1 under the additional restriction
(i.e. z0,1 = γγ−1 ).
1. z1 = 0, γ(z0,2 − 1) = (1 − γ)(z1,3 + z0,1 − 2)
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2. z1 = 0, z0,1 = γγ−1 , γz0,2 = (1 − γ)(z1,3 − 2)
Set 3: 4-cycle with t2,3 = 0, γ ∈ (0,1). The third set of additional conditions has only one: z0 =
0, z1 = 0 which takes us to an undetectable 3-cycle case in Figure 9 (center right).
Set 4: 4-cycle with t2,3 = 0, γ ∈ (0,1). The fourth set of additional conditions has a combination of
z1 = 0, z2 = 0 which takes us to an undetectable 3-cycle case in Figure 9 (top right).
1. z1 = 0, z2 = 0, γ(z0,2 − 1) = (1 − γ)(z1,3 + z0,1 − 2)
2. z1 = 0, z2 = 0, z0,1 = γγ−1 , γz0,2 = (1 − γ)(z1,3 − 2)
Set 5: 4-cycle with t2,3 = 0, γ ∈ (0,1). Finally, the last option for additional condition is equivalent
to the z0 = z1 = 0 case (Set 3 4-cycle): z0 = 0, z1 = 0, z2 = 0. Even if z2 = 0, since there are two
subgraphs connected to the same cycle node (see Figure 11 left), we are still in the case of z0 = z1 = 0
in Figure 9 (center right).
We conclude that all non-detectable 4-cycle hybridizations correspond to 3-cycle or 2-cycle non-
detectable cases, which cannot happen under assumptions A1-A2. Thus, assuming A1-A2, 4-cycle
hybridizations are detectable.
Proof for k-cycle (k ≥ 5). By Lemma 4 (Section 5.4), we only need to focus on the case of k = 5
to proof hybridization detectability for any case of k ≥ 5. For ki = 5 (Figure 12), the equations
CF (N ,z,γ) = CF (T ,w) (Tables 4, 5, 6, 7, 8) have a solution if and only if
• γ = 0 or γ = 1 (which are the trivial cases),
• or for γ ∈ (0,1), we need to have z˜ = 1 (t˜ = 0), and z2,4 = 1 (t2,4 = 0) which necessarily
takes us back to the 3-cycle case (see Figure 11 right), in addition to other conditions
(listed below) which simply result in the already studied undetectable cases in 3-cycle
hybridizations.
Set 1: 5-cycle with t˜ = t2,4 = 0, γ ∈ (0,1). As in the 4-cycle, the first set of additional conditions has
z1,3 = 1 (t1,3 = 0) which takes us back to the 2-cycle case (which we already knew was undetectable):
1. z1,3 = 1
2. z1,3 = 1, z2 = 0
3. z1,3 = 1, z2 = 0, γ2z0,2 = (1 − γ)(γz0,1 − 2γ − z0,1)
4. z1,3 = 1, z0 = 0
5. z1,3 = 1, z0 = 0, z2 = 0
6. z1,3 = 1, γ2z0,2 = (1 − γ)(γz0,1 − 2γ − z0,1)
Note that these equations are comparable to the first set of additional conditions in the 4-cycle case
(Set 1 4-cycle), with the difference that here we do not need the z2 = 1 condition (t2 = 0) which
simply states that there are no coalescent events on this branch, as in the 5-cycle case, when we
collapse the branches inside the cycle, three subgraphs are connected to the same node (n2, n3, n4 in
Figure 11 right). So, in the 4-cycle case, we required the z2 = 1 so that more than two individuals
would arrive at the cycle node. In the 5-cycle case, even if z3 = z4 = z2 = 1, there would be three
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individuals reaching the cycle node. The extra condition on z0,2 in numbers 3 and 6 match that one
in Set 1 4-cycle (number 3) as well.
Set 2: 5-cycle with t˜ = t2,4 = 0, γ ∈ (0,1). The second set of additional conditions has z1 = 0
(t1 =∞), which takes us back to an undetectable 3-cycle hybridization in Figure 9 (bottom right).
The condition γ(z0,2 − 1) = (1 − γ)(z1,3 + z0,1 − 2) matches the Set 2 (4-cycle) and is similarly
equivalent to the one in Figure 9 (bottom right) by replacing z1,3 with the corresponding branch in
the 3-cycle case of z1,2.
1. z1 = 0, z0,1 = γγ−1 , γz0,2 = (1 − γ)(z1,3 − 2)
2. z1 = 0, γ(z0,2 − 1) = (1 − γ)(z1,3 + z0,1 − 2)
Set 3: 5-cycle with t˜ = t2,4 = 0, γ ∈ (0,1). Similarly to 4-cycle, the third set of additional conditions
has a combination of z1 = 0, z0 = 0 which takes us to an undetectable 3-cycle case in Figure 9 (center
right).
Set 4: 5-cycle with t˜ = t2,4 = 0, γ ∈ (0,1). Similarly to 4-cycle, the fourth set of additional condi-
tions has a combination of z1 = 0, z2 = 0 which takes us to an undetectable 3-cycle case in Figure 9
(top right).
1. z1 = 0, z2 = 0, γ(z0,2 − 1) = (1 − γ)(z1,3 + z0,1 − 2)
2. z1 = 0, z2 = 0, z0,1 = γγ−1 , γz0,2 = (1 − γ)(z1,3 − 2)
Set 5: 5-cycle with t˜ = t2,4 = 0, γ ∈ (0,1). Finally, the last option for additional condition is
equivalent to the z0 = z1 = 0 case (Set 3): z1 = 0, z2 = 0, z0 = 0. Note that we are still in the case
of z0 = z1 = 0 in Figure 9 (center right) even if z2 = 0. This is because there are three subgraphs
connected to the same cycle node (see Figure 11 right).
We conclude that all non-detectable 5-cycle hybridizations correspond to 3-cycle or 2-cycle non-
detectable cases, which cannot happen under assumptions A1-A2. Thus, assuming A1-A2, 5-
cycle hybridizations are detectable. By Lemma 4, we conclude that all k-cycle hybridizations are
detectable for k ≥ 5.
Given that the solutions to the systems CF (N ,z,γ) = CF (T ,w) for all k ≥ 3 depend on hard
polytomies (ti = 0), ILS-free branches (ti =∞), or single taxon sampled for some subgraphs (nk = 1),
by assuming A1-A2, we can guarantee that the hybridizations are detectable for k ≥ 3.
5.2 Proof of Theorem 2: detectability of hybridizations under single-taxon sampling
Proof. By Lemma 3 (Section 5.4), we know that we can focus on one hybridization at a time, and
thus, the system of CF polynomial equations depend only on the parameters around the chosen
hybridization. Without loss of generality, choose the ith hybridization in N . Let T be the major
tree of N obtained by removing the minor hybrid edge. The gist of the proof is that we will find
under which parameters (branch lengths and inheritance probabilities) does the system of equations
CF (N ,z,γ) = CF (T ,w) has a solution (with aid of the Mathematica software [12]). Intuitively,
if there exist a set in parameter space for which the network and the tree produce the same CFs, then
the hybridization is not detectable.
By Lemma 1 (Section 5.4), we only need to consider the CF equations when nk ≤ 2 in the ki
subgraphs defined by the hybridization cycle.
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Proof for 3-cycle. Following the notation of Figure 8 for nk for k = 0,1,2, when two of the three
subgraphs have only one taxon, the 3-cycle hybridization is not detectable because the system
CF (N ,z,γ) = CF (T ,w) has a solution regardless of the values of t,γ:
n0 = 2, n1 = 1, n2 = 1 The system has a solution whenw0 = z0(γ2z0,1 + γ2z0,2 + γ2z1,2 − 2γz0,1 − γz1,2 + z0,1 − 3γ2 + 3γ)
n0 = 1, n1 = 2, n2 = 1 The system has a solution when w1 = z1(γz1,2 − γ + 1)
n0 = 1, n1 = 1, n2 = 2 The system has a solution when w2 = −γz2z1,2 + z2z1,2 + γz2
Note that these undetecable hybridization events rule out the potential to detect gene flow between
sister taxa.
When only one of the three subgraphs has only one taxon, detectability depends on the sampling (that
is, on which subgraph has only one sampled taxon).
For n0 = 2, n1 = 2, n2 = 1, the equations CF (N ,z,γ) = CF (T ,w) have a solution if and only if:
• γ = 0 or γ = 1 (which are the trivial cases),
• or for γ ∈ (0,1), we need to have one of the following:
1. z1,2 = 0 which takes us back to the undetectable 2-cycle hybridization,
2. z1 = 0 which is the same undetectable 3-cycle case as Figure 9 bottom right
3. z0 = 0 which is the same undetectable 3-cycle case as Figure 9 center left (since n2 = 1
is equivalent to z2 = 0)
4. (1 − γ)(z0,1 − 1) = γ(z0,2 + z1,2 − 2) which is the same undetectable 3-cycle case as
Figure 9 bottom left (since n2 = 1 is equivalent to z2 = 0)
The first three conditions are violated under assumption A1, but not the fourth one. Since
the condition in number 4 has measure zero in parameter space, we conclude that the 3-cycle
hybridization with taxa sampled n0 = 2, n1 = 2, n2 = 1 is generically detectable.
For n0 = 2, n1 = 1, n2 = 2, the equations CF (N ,z,γ) = CF (T ,w) have a solution if and only if:
• γ = 0 or γ = 1 (which are the trivial cases),
• or for γ ∈ (0,1), we need to have one of the following:
1. z1,2 = 0 which takes us back to the undetectable 2-cycle hybridization,
2. z2 = 0 which is the same undetectable 3-cycle case as Figure 9 bottom left
3. z0 = 0 which is the same undetectable 3-cycle case as Figure 9 center right (since
n1 = 1 is equivalent to z1 = 0)
4. γ(z0,2 − 1) = (1 − γ)(z0,1 + z1,2 − 2) which is the same undetectable 3-cycle case as
Figure 9 bottom right (since n1 = 1 is equivalent to z1 = 0)
The first three conditions are violated under assumption A1, but not the fourth one. Since
the condition in number 4 has measure zero in parameter space, we conclude that the 3-cycle
hybridization with taxa sampled n0 = 2, n1 = 1, n2 = 2 is generically detectable. Note that
this case is symmetric to the previously described (n0 = 2, n1 = 2, n2 = 1), so it makes sense
that both are generically detectable.
For n0 = 1, n1 = 2, n2 = 2, the equations CF (N ,z,γ) = CF (T ,w) have a solution if and only if:
• γ = 0 or γ = 1 (which are the trivial cases),
• or for γ ∈ (0,1), we need to have one of the following:
1. z1,2 = 0 which takes us back to the undetectable 2-cycle hybridization,
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2. z2 = 0 which is the same undetectable 3-cycle case as Figure 9 bottom left
3. z1 = 0 which is the same undetectable 3-cycle case as Figure 9 bottom right
All conditions are violated under assumption A1, and thus, we conclude that the 3-cycle
hybridization with taxa sampled n0 = 1, n1 = 2, n2 = 2 is detectable.
Proof for 4-cycle. We only need to prove that the case n0 = n1 = n2 = n3 = 1 is detectable. For
n0 = n1 = n2 = n3 = 1, the equations CF (N ,z,γ) = CF (T ,w) have a solution if and only if:
• γ = 0 (which is the trivial case),
• or for γ ∈ (0,1), we need to have z2,3 = 1 which takes us back to the undetectable 3-cycle
case with n0 = n1 = 1, n2 = 2.
Given that the condition is violated under assumption A1, we conclude that the 4-cycle with only
one taxon sampled from each subgraph is detectable. Note that this case does not have the γ = 1 as
possible solution. If we see the equations for n = (1,1,1,1) in Table 2, we see that only γ = 0 yields
a solution in this case.
Proof for k-cycle, k ≥ 5. By Lemma 4, we only need to prove detectability for the case k = 5, and
we only need to prove that the case n0 = n1 = n2 = n3 = n4 = 1 is detectable. For n0 = n1 = n2 =
n3 = n4 = 1, the equations CF (N ,z,γ) = CF (T ,w) have a solution if and only if:
• γ = 0 (which is the trivial case),
• or for γ ∈ (0,1), we need to have z2,4 = 1 and z˜ = 1 which takes us back to the undetectable
3-cycle case with n0 = n1 = 1, n2 > 1.
Given that the conditions are violated under assumption A1, we conclude that the k-cycle with only
one taxon sampled from each subgraph is detectable for every k ≥ 5. Note that this case does not
have the γ = 1 as possible solution. This is true because the 4-cycle case is a subset of the 5-cycle
case, and thus, similarly as for the 4-cycle case, the equations for n = (1,1,1,1) in Table 2 only have
a matching solutions with γ = 0.
We conclude that any hybridization cycle with 4 or more nodes (k ≥ 4) is detectable even if only
one taxon is sampled from each of the subgraphs. 3-cycle hybridizations are detectable if the one
taxon sampled is a child of the hybrid node (and more than one taxon sampled from the other two
subgraphs), it is generically detectable if there are two or more taxa sampled from the child of the
hybrid node, and only one in either of the other subgraphs. Finally, the 3-cycle hybridization is not
detectable of two subgraphs contain only one taxon. This last condition rules out gene flow between
sister taxa.
5.3 Proof of Theorems 3 and 4: numerical parameters finite identifiability
Proof. By Lemma 3 (Section 5.4), we know that we can focus on one hybridization at a time.
Without loss of generality, choose the ith hybridization on N . Let N be a ki-cycle network on the
ith hybridization. Let θi = {thi ,γhi} be the subset of numerical parameters associated with this
hybridization cycle. We use the Macaulay2 software [9] for the proof as detailed below. See the
Reproducibility section for information on the scripts.
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Proof for ki = 3. The system of CF equations for a 3-cycle hybridization has 18 polynomial equations
(Table 1) in 7 numerical parameters {z0, z1, z2, z0,1, z1,2, z0,2, γ}. We know from algebraic geometry
[6] that a system with the same number of algebraically independent equations as unknown parameters
has finitely many solutions, and thus, the numerical parameters are finitely identifiable.
We define the ideal J of the 18 CF polynomials on 25 variables: the {ai}18i=1 that correspond to the
CF values, and the 7 numerical parameters {z0, z1, z2, z0,1, z1,2, z0,2, γ}.
J = {1 − 2
3
z1z1,2z2 − a1,
1
3
z1z1,2z2 − a2,
1
3
z1z1,2z2 − a3,
(1 − γ) (1 − 2
3
z2z1,2) + γ (1 − 2
3
z2) − a4,
(1 − γ)1
3
z2z1,2 + γ 1
3
z2 − a5,
(1 − γ)1
3
z2z1,2 + γ 1
3
z2 − a6,
(1 − γ) (1 − 2
3
z1) + γ (1 − 2
3
z1z1,2) − a7,
(1 − γ)1
3
z1 + γ 1
3
z1z1,2 − a8,
(1 − γ)1
3
z1 + γ 1
3
z1z1,2 − a9,
(1 − γ)2 (1 − 2
3
z2z0z1,2z0,1) + 2γ(1 − γ) (1 − 2
3
z2z0) + γ2 (1 − 2
3
z2z0z0,2) − a10,
(1 − γ)2 1
3
z2z0z1,2z0,1 + 2γ(1 − γ)1
3
z2z0 + γ2 1
3
z2z0z0,2 − a11,
(1 − γ)2 1
3
z2z0z1,2z0,1 + 2γ(1 − γ)1
3
z2z0 + γ2 1
3
z2z0z0,2 − a12,
(1 − γ)2 (1 − 2
3
z0z0,1) + 2γ(1 − γ) (1 − z0 + 1
3
z0z1,2) + γ2 (1 − 2
3
z0z0,2) − a13,
(1 − γ)2 1
3
z0z0,1 + γ(1 − γ)z0 (1 − 1
3
z1,2) + γ2 1
3
z0z0,2 − a14,
(1 − γ)2 1
3
z0z0,1 + γ(1 − γ)z0 (1 − 1
3
z1,2) + γ2 1
3
z0z0,2 − a15,
(1 − γ)2 (1 − 2
3
z1z0z0,1) + 2γ(1 − γ) (1 − 2
3
z1z0) + γ2 (1 − 2
3
z1z0z1,2z0,2) − a16,
(1 − γ)2 1
3
z1z0z0,1 + 2γ(1 − γ)1
3
z1z0 + γ2 1
3
z1z0z1,2z0,2 − a17,
(1 − γ)2 1
3
z1z0z0,1 + 2γ(1 − γ)1
3
z1z0 + γ2 1
3
z1z0z1,2z0,2 − a18}
It is evident that this system of equations is not algebraically independent. For example, given that
the three CFs for a given 4-taxon subset need to sum up to one, we have that a1 + a2 + a3 = 1 for the
first set of three. Furthermore, for tree-like 4-taxon subset, the two minor CFs must be equal: a2 = a3.
Thus, focusing on the first three CF equations, we see that there is only one degree of freedom in{a1, a2, a3}, which is enough to estimate the internal branch in a quartet, but not enough by itself to
estimate branch length and inheritance probabilities on quarnets.
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The two equations on the CF values (a1 + a2 + a3 = 1, a2 = a3) are two examples of phylogenetic
invariants that the CFs need to satisfy. In order to know the number of algebraically independent
equations, we first need to identify the set of phylogenetic invariants in the system.
To obtain the set of phylogenetic invariants, we use Macaulay2 to obtain the ideal generated by
eliminating the numerical parameters. The resulting ideal is given by: I = {a1 +2a3 −1, a2 −a3, a4 +
2a6 −1, a5 −a6, a7 +2a9 −1, a8 −a9, a10 +2a12 −1, a11 −a12, a13 +2a15 −1, a14 −a15, a16 +2a18 −
1, a17 − a18}.
We denote I as the set of 12 phylogenetic invariants that the CFs need to satisfy on a 3-cycle
hybridization. With Macaulay2, we obtain that the dimension of I is equal to 6, restricted to the
space of the {ai}18i=1. The dimension of an ideal is the maximum length of a regular sequence: set of
algebraically independent polynomials[6].
Thus, we have 6 algebraically independent equations in 7 parameters {z0, z1, z2, z0,1, z1,2, z0,2, γ},
and thus, the numerical parameters in the 3-cycle hybridization are not finitely identifiable.
ki-cycle for ki ≥ 4. By Lemma 5 (Section 5.4), it is enough to prove finite identifiability of the
parameters of a 4-cycle hybridization because any k-cycle hybridization (k ≥ 4) can be reduced to
a 4-cycle by sub-sampling of taxa. We will show that by sampling two taxa from each of the four
subgraphs n0, n1, n2, n3, we have enough equations to estimate all the parameters in the 4-cycle
hybridization: {z0, z1, z2, z3, z0,1, z1,3, z2,3, z0,2, γ}. In the following proofs, we follow the same
structure as the proof for ki = 3, but not as detailed. See proof of ki = 3 for more details.
Good diamond I: n0 = 1, n1 = 2, n2 = 1, n3 = 1. Here, we sample two individuals from the subgraph
n1 in Figure 10, and only one from the remaining subgraphs.
We have 12 CF polynomials in the ideal on 16 variables:{a13, a14, a15, a28, a29, a30, a34, a35, a36, a37, a38, a39} and {z2,3, z1,3, z1, γ}.
J = {1 − (2/3)z1,3z1 − a13,(1/3)z1,3z1 − a14,(1/3)z1,3z1 − a15,(1 − γ)(1 − (2/3)z1,3) + γ(1/3)z2,3 − a28,(1 − γ)(1/3)z1,3 + γ(1 − (2/3)z2,3) − a29,(1 − γ)(1/3)z1,3 + γ(1/3)z2,3 − a30,(1 − γ)(1 − (2/3)z1) + γ(1 − (2/3)z2,3z1,3z1) − a34,(1 − γ)(1/3)z1 + γ(1/3)z2,3z1,3z1 − a35,(1 − γ)(1/3)z1 + γ(1/3)z2,3z1,3z1 − a36,(1 − γ)(1 − (2/3)z1) + γ(1 − (2/3)z1,3z1) − a37,(1 − γ)(1/3)z1 + γ(1/3)z1,3z1 − a38,(1 − γ)(1/3)z1 + γ(1/3)z1,3z1 − a39}
We note that the set of a values is not consecutive. This is because we use the order in Tables 2 and 3
to enumerate the ai so that they are consistent in all the 4-cycle sampling cases.
In this case, we have a set of 8 phylogenetic invariants:
I = {a38 − a39,
a37 + 2a39 − 1,
a35 − a36,
a34 + 2a36 − 1,
a28 + a29 + a30 − 1,
a14 − a15,
a13 + 2a15 − 1,
a15a29 − a15a30 + a36 − a39}
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which result in four algebraically independent equations (dim(I) = 4 with Macaulay2), which are
enough to solve for the four numerical parameters {z2,3, z1,3, z1, γ}. Thus, we are able to estimate
these four parameters with this 4-cycle sampling scheme.
Good diamond II: n0 = 1, n1 = 1, n2 = 2, n3 = 1. Here, we sample two individuals from the
subgraph n2 in Figure 10, and only one from the remaining subgraphs.
We have 12 CF polynomials in the ideal on 16 variables:{a4, a5, a6, a19, a20, a21, a25, a26, a27, a28, a29, a30} and {z2,3, z1,3, z2, γ}.
J = {1 − (2/3)z2,3z2 − a4,(1/3)z2,3z2 − a5,(1/3)z2,3z2 − a6,(1 − γ)(1 − (2/3)z2,3z2) + γ(1 − (2/3)z2) − a19,(1 − γ)(1/3)z2,3z2 + γ(1/3)z2 − a20,(1 − γ)(1/3)z2,3z2 + γ(1/3)z2 − a21,(1 − γ)(1 − (2/3)z1,3z2,3z2) + γ(1 − (2/3)z2) − a25,(1 − γ)(1/3)z1,3z2,3z2 + γ(1/3)z2 − a26,(1 − γ)(1/3)z1,3z2,3z2 + γ(1/3)z2 − a27,(1 − γ)(1 − (2/3)z1,3) + γ(1/3)z2,3 − a28,(1 − γ)(1/3)z1,3 + γ(1 − (2/3)z2,3) − a29,(1 − γ)(1/3)z1,3 + γ(1/3)z2,3 − a30}
In this case, we have a set of 8 phylogenetic invariants:
I = {a28 + a29 + a30 − 1,
a26 − a27,
a25 + 2a27 − 1,
a20 − a21,
a19 + 2a21 − 1,
a5 − a6,
a4 + 2a6 − 1,
a6a29 + 2a6a30 − a6 + a21 − a27}
which result in four algebraically independent equations (dim(I) = 4), which are enough to solve for
the four numerical parameters {z2,3, z1,3, z2, γ}. Since we already estimated {z2,3, z1,3, γ} from the
Good Diamond I, we only need to estimate z2 here.
Bad diamond I: n0 = 1, n1 = 1, n2 = 1, n3 = 2. Here, we sample two individuals from the subgraph
n3 in Figure 10, and only one from the remaining subgraphs.
We have 12 CF polynomials in the ideal on 16 variables:{a7, a8, a9, a22, a23, a24, a28, a29, a30, a31, a32, a33} and {z2,3, z1,3, z3, γ}.
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J = {1 − (2/3)z3 − a7,(1/3)z3 − a8,(1/3)z3 − a9,(1 − γ)(1 − (2/3)z3) + γ(1 − (2/3)z2,3z3) − a22,(1 − γ)(1/3)z3 + γ(1/3)z2,3z3 − a23,(1 − γ)(1/3)z3 + γ(1/3)z2,3z3 − a24,(1 − γ)(1 − (2/3)z1,3) + γ(1/3)z2,3 − a28,(1 − γ)(1/3)z1,3 + γ(1 − (2/3)z2,3) − a29,(1 − γ)(1/3)z1,3 + γ(1/3)z2,3 − a30,(1 − γ)(1 − (2/3)z1,3z3) + γ(1 − (2/3)z3) − a31,(1 − γ)(1/3)z1,3z3 + γ(1/3)z3 − a32,(1 − γ)(1/3)z1,3z3 + γ(1/3)z3 − a33}
In this case, we have a set of 10 phylogenetic invariants:
I − {a32 − a33,
a31 + 2a33 − 1,
a28 + a29 + a30 − 1,
a23 − a24,
a22 + 2a24 − 1,
a8 − a9,
a7 + 2a9 − 1,
3a9a30 + a9 − a24 − a33,
a24a29 + 2a24a30 + a29a33 − a30a33 − a33,
3a9a29 − 2a9 + 2a24 − a33}
which result in only three algebraically independent equations (dim(I) = 3), not enough to solve
for the four numerical parameters {z2,3, z1,3, z3, γ}. However, given that we already estimated{z2,3, z1,3, γ} from Good Diamond I, we only need to estimate z3.
Bad diamond II: n0 = 2, n1 = 1, n2 = 1, n3 = 1. Here, we sample two individuals from the subgraph
n0 in Figure 10, and only one from the remaining subgraphs.
We have 12 CF polynomials in the ideal on 18 variables:{a28, a29, a30, a43, a44, a45, a49, a50, a51, a52, a53, a54} and {z2,3, z1,3, z0,1, z0,2, z0, γ}.
J = {(1 − γ)(1 − (2/3)z1,3) + γ(1/3)z2,3 − a28,(1 − γ)(1/3)z1,3 + γ(1 − (2/3)z2,3) − a29,(1 − γ)(1/3)z1,3 + γ(1/3)z2,3 − a30,(1 − γ)2(1 − (2/3)z0z1,3z0,1) + 2γ(1 − γ)(1 − z0 + (1/3)z0z2,3) + γ2(1 − (2/3)z0z0,2) − a43,(1 − γ)2(1/3)z0z1,3z0,1 + γ(1 − γ)z0(1 − (1/3)z2,3) + γ2(1/3)z0z0,2 − a44,(1 − γ)2(1/3)z0z1,3z0,1 + γ(1 − γ)z0(1 − (1/3)z2,3) + γ2(1/3)z0z0,2 − a45,(1 − γ)2(1 − (2/3)z0z0,1) + 2γ(1 − γ)(1 − z0 + (1/3)z0z2,3z1,3) + γ2(1 − (2/3)z0z0,2) − a49,(1 − γ)2(1/3)z0z0,1 + γ(1 − γ)z0(1 − (1/3)z2,3z1,3) + γ2(1/3)z0z0,2 − a50,(1 − γ)2(1/3)z0z0,1 + γ(1 − γ)z0(1 − (1/3)z2,3z1,3) + γ2(1/3)z0z0,2 − a51,(1 − γ)2(1 − (2/3)z0z0,1) + 2γ(1 − γ)(1 − z0 + (1/3)z0z1,3) + γ2(1 − (2/3)z0z0,2z2,3) − a52,(1 − γ)2(1/3)z0z0,1 + γ(1 − γ)z0(1 − (1/3)z1,3) + γ2(1/3)z0z0,2z2,3 − a53,(1 − γ)2(1/3)z0z0,1 + γ(1 − γ)z0(1 − (1/3)z1,3) + γ2(1/3)z0z0,2z2,3 − a54}
15
In this case, we have a set of 7 phylogenetic invariants:
I{a53 − a54,
a52 + 2a54 − 1,
a50 − a51,
a49 + 2a51 − 1,
a44 − a45,
a43 + 2a45 − 1,
a28 + a29 + a30 − 1}
which result in only five algebraically independent equations (dim(I) = 5), not enough to solve for
the six numerical parameters {z2,3, z1,3, z0,1, z0,2, z0, γ}. However, given that we already estimated{z2,3, z1,3, γ} from Good Diamond I, we only need to estimate z0,1, z0,2, z0.
Thus, we can estimate the numerical parameters from different sub-sampling in the 4-cycle hybridiza-
tion:
• Good diamond I: z1,3, z2,3, z1, γ
• Good diamond II: z2
• Bad diamond I: z3
• Bad diamond II: z0,1, z0,2, z0
We conclude that with the exception of 3-cycle hybridizations and bad diamonds, all numerical
parameters associated with any level-1 network are finitely identifiable.
5.4 Auxiliary lemmas for the proofs of theorems
The lemmas below are used in the proofs of the topology identifiability and numerical parameter finite
identifiability theorems. With Lemma 1, we show that we only need to sample two individuals for each
subgraph defined by the hybridization cycle (Figure 2) in order to have enough polynomial equations
for all the numerical parameters in the cycle. With Lemma 2, we show that some hybridizations on
4-taxon subnetworks (quarnets) produce CFs that can be matched with a properly chosen internal
branch on a quartet tree. That is, these quarnets are not distinguishable from a quartet tree with the
CFs. With Lemma 3, we show that with the level-1 assumption, we can focus on the detectability of
each hybridization at a time, without considering other hybridizations in the network. With Lemma 4,
we show that proving detectability of a cycle of k = 5 nodes is enough to prove detectability of any
cycle of k ≥ 5 nodes. Finally, with Lemma 5, we show that we can prove parameter identifiability of
any hybridization cycle of k ≥ 4 nodes by showing parameter identifiability of hybridization cycles
of k = 4 nodes.
Lemma 1. Let N be a n-taxon explicit level-1 semi-directed phylogenetic network with h hybridiza-
tions. Let CF (N , t,γ) be the system of CF equations defined by the coalescent model (Definition 1).
Let hi be the ith hybrid node in N , which defines a ki-cycle with ki subgraphs attached, each with
nk taxa for k = 1, . . . , ki (see Figure 2). Let θi = {thi ,γhi} be the subset of numerical parameters
associated with this hybridization cycle. Let CFhi(N ) = CF (N , thi ,γhi) be the subset of CF
equations that involve θi.
Then, we only need to sample nk = 2 from each subgraph to define all the CF equations in CFhi(N ).
Proof. Without loss of generality, we choose a hybridization cycle with 3 nodes (ki = 3). See Figure
2. This 3-cycle defines 3 subgraphs with number of taxa n0, n1, n2 respectively. The complete system
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of CF equations of the network is produced by taking every possible 4-taxon subset {a, b, c, d} and
write its corresponding three CF equations: CFab∣cd,CFac∣bd,CFad∣bc as described in Section C.
However, we are interested only in the CF equations that include the parameters related to the ith
hybridization event: θi = {z(i)1 , z(i)1,2, z(i)2 , z(i)0,1, z(i)0,2, z(i)0 , γ(i)}.
Note that if we take 4 taxa from the same subgraph (say the one labeled n0), then none of the CF
equations will involve any parameters in θi. Similarly, if we take 3 taxa from the same subgraph (say
n0), and one taxon from a different subgraph (say n1), then the edge connecting the one taxon in
n1 to the others will indeed contain parameters in θi (z
(i)
0 , z
(i)
0,1, z
(i)
1 ). However, this edge will be an
external edge, and as we know from the coalescent model, only internal edges play a role in the CF
formulas. Thus, no parameters in θi will actually appear in the CF formulas when taking all 4 taxa
from the same subgraph, or when taking 3 taxa from one subgraph and one from another. This means
that only the CF equations from 4-taxon subsets in which at most 2 taxa belong to the same subgraph
include the parameters in θi. Thus, the subset of CF equations corresponding to the hybridization
event (CFhi(N )) can be fully defined by having n0 = n1 = n2 = 2.
Lemma 2. Let Q be a 4-taxon explicit level-1 semi-directed network with one hybridization event.
Assume that Q is of type 1, 2, 4 or 5 in Figure 7. Let CF (Q, t, γ) be the set of three CF equations
for Q. Let TQ be the major quartet obtained by removing the minor hybrid edge (γ < 0.5) in Q, and
let CF (TQ, t˜) be the set of three CF equations for TQ.
Then, CF (Q, t, γ) = CF (TQ, t˜) for a properly chosen branch length t˜ in TQ.
Proof. If Q is a type 5 network, the proof is trivial as the CF match directly those from a quartet tree.
For type 1, 2 and 4, below we see the formulas to choose the internal branch in a quartet tree (t˜1 in
the Figures) to match the CFs of these quarnets. As in the remainder of the paper, here zi = exp(−ti).
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Type 4
exp(−t˜1) ∶= exp(−t2)[1 − γ2z4 − (1 − γ)2z3]
Lemma 3. Let N be a n-taxon explicit level-1 semi-directed phylogenetic network with h hy-
bridizations. Let CF (N , t,γ) be the system of CF equations defined by the coalescent model
(Definition 1). Let hi be the ith hybrid node of interest, which defines a ki-cycle, and let
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θi = {thi ,γhi} be the subset of numerical parameters associated with this hybridization cy-
cle. Define CFhi(N ) = CF (N , thi ,γhi) as the subset of CF equations that involve θi. LetNhi be a network with only h = 1 hybridization, the hybridization of interest in N , and define
CFhi(Nhi) = CF (Nhi , thi ,γhi) as the CF equations concerning the one hybridization in Nhi .
Then, CFhi(Nhi) = CFhi(N ). That is, the CF equations corresponding to the ith hybridization
on the whole network N are the same as the CF equations from Nhi (network with only one
hybridization).
Proof. By Lemma 1, CFhi(N ) and CFhi(Nhi) are completely defined by 4-taxon subsets with at
most 2 taxa per subgraph defined by the ki-cycle. Let s = {a, b, c, d} be one of those 4-taxon subsets.
Without loss of generality, assume that a, b belong to subgraph nk and c, d belong to subgraph nk′ .
Since N has other hybridization events, let’s assume that a, b are linked by another hybridization
inside the nk subgraph. By the level-1 assumption, the hybridization event involving a, b needs to be
contained inside the nk subgraph, and thus, it can only be of type 1, 2, 4 or 5 in Figure 7 (because
type 3 hybridization involves three taxa, not only two). By Lemma 2, this hybridization has the
same CF equations as a properly chosen tree, and thus, we can remove all hybridization events in the
subgraphs of N and replace the subgraphs by subtrees. We obtain Nhi from N in this way, and thus,
CFhi(Nhi) = CFhi(N ).
Lemma 4. Let N be a n-taxon explicit level-1 semi-directed phylogenetic network with h = 1
hybridization that defines a hybridization cycle of k ≥ 5 nodes. Let CF (N , t,γ) be the system of
CF equations defined by the coalescent model (Definition 1). Let T be the major tree obtained by
removing the minor hybrid edge in N . Proving CF (N , t,γ) = CF (T , t′) (hybridization detectabil-
ity) is equivalent to proving hybridization detectability on a 5-cycle network (Ñ ) constructed from N
by removing the k − 5 subgraphs connected to the hybridization cycle farthest from the hybrid node
(compare Figure 12 to 3).
Proof. Without loss of generality, we will considerN to have an 8-cycle hybridization (Figure 3 left)
with major tree T (Figure 3 right). When matching CF (N , t,γ) = CF (T , t′), we can select 4-taxon
subsets that would provide equalities for the parameters far from the hybrid node. For example, by
selecting the 4-taxon subset with n2 = 1, n4 = 2 and n6 = 1, we get directly the equality: z4 = w4.
Similarly, we can choose 4-taxon subsets to produce the equalities: z6 = w6, z7 = w7, z5 = w5
and z3 = w3. In addition, if we select the 4-taxon subset with n4 = n6 = 2, we get the equality
z6z4,6z4 = w6w4,6w4 which yields z4,6 = w4,6 given the z4 = w4 and z6 = w6 equalities. Following
the same procedure, we obtain the equalities related to the other edges in the cycle that are far from
the hybrid node: zi = wi for i = (6,7), (5,7), (3,5).
We conclude that when considering the above equalities between N and T , we only need equalities
relating the parameters zi for i = (1,3), (0,1)(0,2), (2,4),0,1,2, which corresponds to the 5-cycle
hybridization of Ñ . Thus, the CF equations for a k-cycle for k ≥ 5 are equivalent to a 5-cycle
hybridization when studying the detectability of the hybridization.
z1
n0
Figure 3: 8-cycle network and its corresponding tree representation.
Lemma 5. Let N be a n-taxon explicit level-1 semi-directed phylogenetic network with h = 1
hybridization that defines a hybridization cycle of k ≥ 4 nodes. Let CF (N , t, γ) be the system of CF
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equations defined by the coalescent model around the hybridization cycle (Definition 1). Then, the
polynomial equations inCF (N , t, γ) can be decomposed into subsets of equations: {CFi(N, ti, γ)}
each corresponding to a 4-cycle hybridization obtained by ignoring certain nk subgraphs at a time.
Proof. It is enough to prove finite identifiability of the parameters of a 4-cycle hybridization because
any k-cycle hybridization (k ≥ 4) can be reduced to a 4-cycle by sub-sampling of taxa. For example,
in the 8-cycle hybridization in Figure 3, we can estimate any parameters with a properly chosen
sub-sample of taxa.
By Lemma 1, we only need to sample 2 individuals per subgraph. Let us choose the 4-cycle hy-
bridization with n0 = n1 = n2 = n3 = 2, n4 = n5 = n6 = n7 = 0, then the CF equations (CF0,1,2,3(N )
for short) of this 4-cycle hybridization will only depend on the parameters {z0, z1, z2, z3} along with
the branch lengths inside the cycle {z1,3, z0,1, z0,2, z˜} with z˜ = z2,4 + z4,6 + z6,7 + z5,7 + z3,5. Thus,
we can study the finite identifiability of {z0, z1, z2, z3, z1,3, z0,1, z0,2, z˜} using only the equations in
CF0,1,2,3(N ). We can repeat this process with a different 4-taxon subset covering a different set of
parameters until every parameter in (t,γ) is included in at least one subset of CF equations.
Reproducibility
All Macaulay2 and Mathematica scripts are available in the GitHub repository https://github.
com/solislemuslab/snaq-identifiability (link will be made publicly available after publi-
cation).
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Supplementary Material
On the Identifiability of Phylogenetic Networks under a Pseudolikelihood model
A Definitions and notations
Our main parameter of interest is the topologyN of a phylogenetic network along with the numerical
parameters of the vector of branch lengths (t) and a vector of inheritance probabilities (γ), describing
the proportion of genes inherited by a hybrid node from one of its hybrid parent (see Figure 1).
A rooted explicit phylogenetic network N on taxon set X is a connected directed acyclic graph
with vertices V = {r} ∪ VL ∪ VH ∪ VT , edges E = EH ∪ET and a bijective leaf-labeling function
f ∶ VL →X with the following characteristics:
• The root r has indegree 0 and outdegree 2
• Any leaf v ∈ VL has indegree 1 and outdegree 0
• Any tree node v ∈ VT has indegree 1 and outdegree 2
• Any hybrid node v ∈ VH has indegree 2 and outdegree 1
• A tree edge e ∈ ET is an edge whose child is a tree node
• A hybrid edge e ∈ EH is an edge whose child is a hybrid node
• A hybrid edge e ∈ EH has an inheritance probability parameter γe < 1 which represents the
proportion of the genetic material that the child hybrid node received from this parent edge.
For a tree edge e, γe = 1
In a rooted explicit network, every internal node represents a biological mechanism: speciation
for tree nodes and hybridization for hybrid nodes. However, other types of phylogenetic network
also exist in literature, such as unrooted networks [11] and semi-directed networks [19]. Unrooted
phylogenetic networks are typically obtained by suppressing the root node and the direction of all
edges. In semi-directed networks, on the other hand, the root node is suppressed and we ignore the
direction of all tree edges, but we maintain the direction of hybrid edges, thus keeping information
on which nodes are hybrids. The placement of the root is then constrained, because the direction of
the two hybrid edges to a given hybrid node inform the direction of time at this node: the third edge
must be a tree edge directed away from the hybrid node and leading to all the hybrid’s descendants.
Therefore the root cannot be placed on any descendant of any hybrid node, although it might be
placed on some hybrid edges. See Figure 1 for the example of a rooted explicit phylogenetic network
(center), and its semi-directed version (right).
Assume that N has n species and h hybridization events (that is, ∣Vh∣ = h). Each hybridization event
creates a blob (or cycle) which represents a subgraph with at least two nodes and no cut-edges. A
cut-edge is any edge in the network whose removal disconnects the network. Traditionally, the term
cycle is used for directed (rooted) networks, and the term blob is used for undirected (unrooted)
networks. We make no distinction here as we will focus on semi-directed networks, and thus, some
edges in the cycle (blob) will be directed, and some will not. Let ki be the number of nodes in the ith
hybridization cycle (for i = 1,2,⋯, h), so that this hybridization is denoted ki-cycle hybridization.
For example, in Figure 1 (right) n = 6, h = 1, k1 = 3.
We further assume that the phylogenetic network is of level-1 [11], i.e. any given edge can be part of
at most one cycle. This means that there is no overlap between any two cycles (see Figure 4).
Figure 4: Left: Level-1 network vs Right: non-level-1 network
Thus, our parameters of interest are (N , t,γ) where
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• N is an explicit semi-directed level-1 phylogenetic network that links the n species under
study, and has h hybridization events. This network has two vectors of numerical parameters:
• branch lengths t ∈ [0,∞)ne for ne branches in the network, and
• inheritance probabilities γ ∈ [0,1]nh for nh minor hybrid edges.
Note that for every hybridization event, there are two parent hybrid edges connected to the hybrid
node: 1) major hybrid edge with inheritance probability γ > 0.5, and 2) a minor hybrid edge with
inheritance probability γ < 0.5. Both edges are parametrized with the same γ.
B Concordance factor (CF) data
The data for our pseudolikelihood estimation method is a collection of estimated gene trees {Gi}gi=1
from g loci (ortholog region in genome with no recombination). These gene trees are unrooted and
only topologies are considered (no branch lengths). To account for estimation error in the gene trees,
we do not consider the gene tree directly as input data, but we summarize them into the concordance
factors (CF) [5] for every possible quartet. A quartet is a 4-taxon unrooted tree. For example, for
taxon set s = {a, b, c, d}, there are only three possible quartets, represented by the splits q1 = ab∣cd,
q2 = ac∣bd and q3 = ad∣bc. The CF of a given quartet is the proportion of genes whose true tree
displays that quartet (see Figure 5). When these CFs are estimated in BUCKy [3], they represent
true genomic discordance, and naturally account for the estimation error in the gene trees. Our
pseudolikelihood method (SNaQ [19, 18]) uses these observed CFs as input data to estimate a species
network. SNaQ finds the best network that fits the data by identifying the network whose theoretical
CFs are close to the observed CFs. More details about the model are presented in the Section C.
Concordance factors (CF): % of genes having the quartet in their tree
3/5 1/5 1/5
Figure 5: Example of computation of concordance factors from a sample of 5 gene trees. For the
4-taxon subset {A,B,C,D}, there are three possible quartets: AB∣CD, AC ∣BD, AD∣BC with
observed CFs of (3/5,1/5,1/5). This estimation of CFs is not robust to estimation error as we
consider the gene trees as perfectly reconstructed. Alternatively, we can estimate the CFs with
BUCKy[3] which accounts for gene tree estimation error.
C Probability model for gene trees
Here, we define the pseudolikelihood function for (N , t,γ) given the estimated CFs as data. Most
of this section is an extract from [19] (except for Section C.2.1) and presented here for the sake of
completeness.
The pseudolikelihood of a network is based on the likelihood of its 4-taxon subnetworks (quarnets
in [10]). That is, for a given network N with n ≥ 4 taxa, we consider all 4-taxon subsets S = {s =
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Figure 6: Rooted 4-taxon network (left) and its semi-directed version (center). Quartet CFs expected
under the network do not depend on the root placement, and are weighted averages of quartet CFs
expected under the unrooted trees (right).
{a, b, c, d} ∶ a, b, c, d ∈X} and combine the likelihood of each 4-taxon subnetworks to form the full
network pseudolikelihood:
L˜(N ) =∏
s∈SL(s) (1)
where L(s) is the likelihood of the subnetwork of a given 4-taxon subset s. These 4-taxon likelihoods
are not independent, which is why we get a pseudolikelihood when we multiply them, instead of a
true likelihood.
To calculate the likelihood of a given 4-taxon subset s = {a, b, c, d}, let Y = (Yq1 , Yq2 , Yq3) denote
the number of gene trees that match each of the three possible quartet resolutions: q1 = ab∣cd, q2 =
ac∣bd, q3 = ad∣bc, then Y follows a multinomial distribution with probabilities (CFq1 ,CFq2 ,CFq3),
the theoretical CFs expected under the coalescent on the 4-taxon subnetwork which were derived in
[19] under the multispecies coalescent model on networks [14, 20, 21].
Thus, the likelihood of a given 4-taxon subset is 1, we get:
L(s)∝ (CFq1)Yq1 (CFq2)Yq2 (CFq3)Yq3 (2)
The data are summarized in the Y values through the estimated CFs, and the candidate network
governs the CF values, which we explain below.
C.1 The multispecies coalescent network (MSCN) model
The theoretical CFs expected under the coalescent model are already derived for a species tree
in [2], and for a species network in [19]. In both cases, the CFs do not depend on the position
of the root. For the tree, the major CF is defined for the quartet that agrees with the species tree.
That is, if the species tree has the split ab∣cd with internal edge t, then the major CF would be
CFab∣cd = 1 − 2/3 exp(−t). The CF for the minor resolutions (in disagreement with the species tree
ab∣cd) would then be CFac∣bd = CFad∣bc = 1/3 exp(−t).
For the case of a 4-taxon network, the theoretical CFs are weighted averages of CFs on trees. For
example, Figure 6 center shows a semi-directed 4-taxon and one possible rooting in Figure 6 left.
The CFs on this network are given by the weighted averages of CF on the two trees on the right, with
weights given by 1 − γ, γ:
• CFab∣cd = (1 − γ)(1 − 2/3 exp(−t1)) + γ(1/3 exp(−t1 − t2)) for the major resolution, and
• CFac∣bd = CFad∣bc = (1 − γ)(1/3 exp(−t1)) + γ(1/3 exp(−t1 − t2)) for the minor resolu-
tions.
C.2 CF formulas for all possible level-1 4-taxon networks
Derived in [19], the theoretical CFs for the five types of level-1 4-taxon network are used in the
computation of the pseudolikelihood of any level-1 network. These formulas appear in [19], but we
re-write them here in Figure 7.
Note that there seems to be one type missing (type 1 with the direction of the hybrid edge flipped).
This network, however, has the same theoretical CF formulas as the Type 2 network.
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Type 1
CFAB∣CD = (1 − γ)2(1 − 2/3 exp(−t1 − t2))+ 2γ(1 − γ)(1 − exp(−t1) + 1/3 exp(−t1 − t3))+ γ2(1 − 2/3 exp(−t1 − t4))
CFAC∣BD = (1 − γ)2(1/3 exp(−t1 − t2))+ γ(1 − γ) exp(−t1)(1 − 1/3 exp(−t3))+ γ2(1/3 exp(−t1 − t4))
CFAD∣BC = (1 − γ)2(1/3 exp(−t1 − t2))+ γ(1 − γ) exp(−t1)(1 − 1/3 exp(−t3))+ γ2(1/3 exp(−t1 − t4))
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ABCD
<latexit sha1_base64="1ibJJD +OTOVAsOjZJR2nd9v763Q=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ 4KrtV0GNtPXisYD+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHb X0w8Hhvhpl5QcyZNq777aytb2xubRd2irt7+weHpaPjto4SRWiLRDxS 3QBrypmkLcMMp91YUSwCTjvBpJH5nSeqNIvko5nG1Bd4JFnICDaZdFt v3A1KZbfizoFWiZeTMuRoDkpf/WFEEkGlIRxr3fPc2PgpVoYRTmfFfq JpjMkEj2jPUokF1X46v3WGzq0yRGGkbEmD5urviRQLracisJ0Cm7Fe 9jLxP6+XmPDGT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJ sPEUbgrf88ippVyveZaX6cFWu1fM4CnAKZ3ABHlxDDe6hCS0gMIZneI U3RzgvzrvzsWhdc/KZE/gD5/MHNSmNsA==</latexit>
ABCD
<latexit sha1_base64="1ibJJD+OTOVAsOjZJR2nd9v763Q=">AAA B63icbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GNtPXisYD+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777aytb2xub Rd2irt7+weHpaPjto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvBpJH5nSeqNIvko5nG1Bd4JFnICDaZdFtv3A1KZbfizoFWiZeTMuRoDkpf/W FEEkGlIRxr3fPc2PgpVoYRTmfFfqJpjMkEj2jPUokF1X46v3WGzq0yRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDGT5mME0MlWSwKE45M hLLH0ZApSgyfWoKJYvZWRMZYYWJsPEUbgrf88ippVyveZaX6cFWu1fM4CnAKZ3ABHlxDDe6hCS0gMIZneIU3RzgvzrvzsWhdc/KZE/gD5/MHN SmNsA==</latexit>
ABCD
<latexit sha1_base64="1ibJJD+OTOVAsOjZJR2nd9v763Q=">AAA B63icbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GNtPXisYD+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777aytb2xub Rd2irt7+weHpaPjto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvBpJH5nSeqNIvko5nG1Bd4JFnICDaZdFtv3A1KZbfizoFWiZeTMuRoDkpf/W FEEkGlIRxr3fPc2PgpVoYRTmfFfqJpjMkEj2jPUokF1X46v3WGzq0yRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDGT5mME0MlWSwKE45M hLLH0ZApSgyfWoKJYvZWRMZYYWJsPEUbgrf88ippVyveZaX6cFWu1fM4CnAKZ3ABHlxDDe6hCS0gMIZneIU3RzgvzrvzsWhdc/KZE/gD5/MHN SmNsA==</latexit>
 
<latexit sha1_base64="G6iu8GCUXsFyscTfcyFGZ/nO9+8=">AAAB7X icdVDLSgMxFM3UV62vqks3wSK4GjKtfe2KblxWsA9oh5JJ0zY2yQxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEHGmDUIfTmZtfWNzK7ud29nd2z /IHx61dRgrQlsk5KHqBlhTziRtGWY47UaKYhFw2gmmV6nfuadKs1DemllEfYHHko0YwcZK7f4YC4EH+QJyUaVcLyGI3DLyqvW6JQhVaqUi9CxJUQArN Af59/4wJLGg0hCOte55KDJ+gpVhhNN5rh9rGmEyxWPas1RiQbWfLK6dwzOrDOEoVLakgQv1+0SChdYzEdhOgc1E//ZS8S+vF5tRzU+YjGJDJVkuGsUcm hCmr8MhU5QYPrMEE8XsrZBMsMLE2IByNoSvT+H/pF10vZJbvLkoNC5XcWTBCTgF58ADVdAA16AJWoCAO/AAnsCzEzqPzovzumzNOKuZY/ADztsn8eGPY g==</latexit>
t1
<latexit sha1_base64="Ynqb8X5/kiOyHX7xonGGLyOZ6hM=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO 7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+x7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0 PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllG lhbyVsRDVlaNMp2RC85ZdXSatW9S6qtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwbmjaA=</latexit>
t2
<latexit sha1_base64="QkhZeJ8/5ytPGp7NPNhyJyw1LQM=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO 7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+zX+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3p em6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKN PC3krYiGrK0KZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAIao2h</latexit>
Type 2
CFAB∣CD = (1 − γ)(1 − 2/3 exp(−t1)) + γ(1 − 2/3 exp(−t1 − t2))
CFAC∣BD = (1 − γ)1/3 exp(−t1) + γ1/3 exp(−t1 − t2)
CFAD∣BC = (1 − γ)1/3 exp(−t1) + γ1/3 exp(−t1 − t2)
ABCD
<latexit sha1_base64="1ibJJD +OTOVAsOjZJR2nd9v763Q=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ 4KrtV0GNtPXisYD+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHb X0w8Hhvhpl5QcyZNq777aytb2xubRd2irt7+weHpaPjto4SRWiLRDxS 3QBrypmkLcMMp91YUSwCTjvBpJH5nSeqNIvko5nG1Bd4JFnICDaZdFt v3A1KZbfizoFWiZeTMuRoDkpf/WFEEkGlIRxr3fPc2PgpVoYRTmfFfq JpjMkEj2jPUokF1X46v3WGzq0yRGGkbEmD5urviRQLracisJ0Cm7Fe 9jLxP6+XmPDGT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJ sPEUbgrf88ippVyveZaX6cFWu1fM4CnAKZ3ABHlxDDe6hCS0gMIZneI U3RzgvzrvzsWhdc/KZE/gD5/MHNSmNsA==</latexit>
ABCD
<latexit sha1_base64="1ibJJD +OTOVAsOjZJR2nd9v763Q=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ 4KrtV0GNtPXisYD+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHb X0w8Hhvhpl5QcyZNq777aytb2xubRd2irt7+weHpaPjto4SRWiLRDxS 3QBrypmkLcMMp91YUSwCTjvBpJH5nSeqNIvko5nG1Bd4JFnICDaZdFt v3A1KZbfizoFWiZeTMuRoDkpf/WFEEkGlIRxr3fPc2PgpVoYRTmfFfq JpjMkEj2jPUokF1X46v3WGzq0yRGGkbEmD5urviRQLracisJ0Cm7Fe 9jLxP6+XmPDGT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJ sPEUbgrf88ippVyveZaX6cFWu1fM4CnAKZ3ABHlxDDe6hCS0gMIZneI U3RzgvzrvzsWhdc/KZE/gD5/MHNSmNsA==</latexit>
ABCD
<latexit sha1_base64="1ibJJD+OTOVAsOjZJR2nd9v763Q=">AAA B63icbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GNtPXisYD+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777aytb2xub Rd2irt7+weHpaPjto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvBpJH5nSeqNIvko5nG1Bd4JFnICDaZdFtv3A1KZbfizoFWiZeTMuRoDkpf/W FEEkGlIRxr3fPc2PgpVoYRTmfFfqJpjMkEj2jPUokF1X46v3WGzq0yRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDGT5mME0MlWSwKE45M hLLH0ZApSgyfWoKJYvZWRMZYYWJsPEUbgrf88ippVyveZaX6cFWu1fM4CnAKZ3ABHlxDDe6hCS0gMIZneIU3RzgvzrvzsWhdc/KZE/gD5/MHN SmNsA==</latexit>
ABCD
<latexit sha1_base64="1ibJJD+OTOVAsOjZJR2nd9v763Q=">AAA B63icbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GNtPXisYD+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777aytb2xub Rd2irt7+weHpaPjto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvBpJH5nSeqNIvko5nG1Bd4JFnICDaZdFtv3A1KZbfizoFWiZeTMuRoDkpf/W FEEkGlIRxr3fPc2PgpVoYRTmfFfqJpjMkEj2jPUokF1X46v3WGzq0yRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDGT5mME0MlWSwKE45M hLLH0ZApSgyfWoKJYvZWRMZYYWJsPEUbgrf88ippVyveZaX6cFWu1fM4CnAKZ3ABHlxDDe6hCS0gMIZneIU3RzgvzrvzsWhdc/KZE/gD5/MHN SmNsA==</latexit> 
<latexit sha1_base64="G6iu8GCUXsFyscTfcyFGZ/nO9+8=">AAAB7X icdVDLSgMxFM3UV62vqks3wSK4GjKtfe2KblxWsA9oh5JJ0zY2yQxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEHGmDUIfTmZtfWNzK7ud29nd2z /IHx61dRgrQlsk5KHqBlhTziRtGWY47UaKYhFw2gmmV6nfuadKs1DemllEfYHHko0YwcZK7f4YC4EH+QJyUaVcLyGI3DLyqvW6JQhVaqUi9CxJUQArN Af59/4wJLGg0hCOte55KDJ+gpVhhNN5rh9rGmEyxWPas1RiQbWfLK6dwzOrDOEoVLakgQv1+0SChdYzEdhOgc1E//ZS8S+vF5tRzU+YjGJDJVkuGsUcm hCmr8MhU5QYPrMEE8XsrZBMsMLE2IByNoSvT+H/pF10vZJbvLkoNC5XcWTBCTgF58ADVdAA16AJWoCAO/AAnsCzEzqPzovzumzNOKuZY/ADztsn8eGPY g==</latexit>
t1
<latexit sha1_base64="Ynqb8X5/kiOyHX7xonGGLyOZ6hM=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO 7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+x7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0 PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllG lhbyVsRDVlaNMp2RC85ZdXSatW9S6qtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwbmjaA=</latexit>t2
<latexit sha1_base64="QkhZeJ8/5ytPGp7NPNhyJyw1LQM=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO 7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+zX+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3p em6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKN PC3krYiGrK0KZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAIao2h</latexit>
Type 3
CFAB∣CD = (1 − γ)(1 − 2/3 exp(−t1)) + γ(1/3 exp(−t2))
CFAC∣BD = (1 − γ)1/3 exp(−t1) + γ(1 − 2/3 exp(−t2))
CFAD∣BC = (1 − γ)1/3 exp(−t1) + γ1/3 exp(−t2)
ABCD
<latexit sha1_base64="1ibJJD +OTOVAsOjZJR2nd9v763Q=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ 4KrtV0GNtPXisYD+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHb X0w8Hhvhpl5QcyZNq777aytb2xubRd2irt7+weHpaPjto4SRWiLRDxS 3QBrypmkLcMMp91YUSwCTjvBpJH5nSeqNIvko5nG1Bd4JFnICDaZdFt v3A1KZbfizoFWiZeTMuRoDkpf/WFEEkGlIRxr3fPc2PgpVoYRTmfFfq JpjMkEj2jPUokF1X46v3WGzq0yRGGkbEmD5urviRQLracisJ0Cm7Fe 9jLxP6+XmPDGT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJ sPEUbgrf88ippVyveZaX6cFWu1fM4CnAKZ3ABHlxDDe6hCS0gMIZneI U3RzgvzrvzsWhdc/KZE/gD5/MHNSmNsA==</latexit>
ABCD
<latexit sha1_base64="1ibJJD +OTOVAsOjZJR2nd9v763Q=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ 4KrtV0GNtPXisYD+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHb X0w8Hhvhpl5QcyZNq777aytb2xubRd2irt7+weHpaPjto4SRWiLRDxS 3QBrypmkLcMMp91YUSwCTjvBpJH5nSeqNIvko5nG1Bd4JFnICDaZdFt v3A1KZbfizoFWiZeTMuRoDkpf/WFEEkGlIRxr3fPc2PgpVoYRTmfFfq JpjMkEj2jPUokF1X46v3WGzq0yRGGkbEmD5urviRQLracisJ0Cm7Fe 9jLxP6+XmPDGT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJ sPEUbgrf88ippVyveZaX6cFWu1fM4CnAKZ3ABHlxDDe6hCS0gMIZneI U3RzgvzrvzsWhdc/KZE/gD5/MHNSmNsA==</latexit>
ABCD
<latexit sha1_base64="1ibJJD+OTOVAsOjZJR2nd9v763Q=">AAA B63icbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GNtPXisYD+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777aytb2xub Rd2irt7+weHpaPjto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvBpJH5nSeqNIvko5nG1Bd4JFnICDaZdFtv3A1KZbfizoFWiZeTMuRoDkpf/W FEEkGlIRxr3fPc2PgpVoYRTmfFfqJpjMkEj2jPUokF1X46v3WGzq0yRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDGT5mME0MlWSwKE45M hLLH0ZApSgyfWoKJYvZWRMZYYWJsPEUbgrf88ippVyveZaX6cFWu1fM4CnAKZ3ABHlxDDe6hCS0gMIZneIU3RzgvzrvzsWhdc/KZE/gD5/MHN SmNsA==</latexit>
ABCD
<latexit sha1_base64="1ibJJD+OTOVAsOjZJR2nd9v763Q=">AAA B63icbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GNtPXisYD+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777aytb2xub Rd2irt7+weHpaPjto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvBpJH5nSeqNIvko5nG1Bd4JFnICDaZdFtv3A1KZbfizoFWiZeTMuRoDkpf/W FEEkGlIRxr3fPc2PgpVoYRTmfFfqJpjMkEj2jPUokF1X46v3WGzq0yRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDGT5mME0MlWSwKE45M hLLH0ZApSgyfWoKJYvZWRMZYYWJsPEUbgrf88ippVyveZaX6cFWu1fM4CnAKZ3ABHlxDDe6hCS0gMIZneIU3RzgvzrvzsWhdc/KZE/gD5/MHN SmNsA==</latexit>
 
<latexit sha1_base64="G6iu8GCUXsFyscTfcyFGZ/nO9+8=">AAAB7X icdVDLSgMxFM3UV62vqks3wSK4GjKtfe2KblxWsA9oh5JJ0zY2yQxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEHGmDUIfTmZtfWNzK7ud29nd2z /IHx61dRgrQlsk5KHqBlhTziRtGWY47UaKYhFw2gmmV6nfuadKs1DemllEfYHHko0YwcZK7f4YC4EH+QJyUaVcLyGI3DLyqvW6JQhVaqUi9CxJUQArN Af59/4wJLGg0hCOte55KDJ+gpVhhNN5rh9rGmEyxWPas1RiQbWfLK6dwzOrDOEoVLakgQv1+0SChdYzEdhOgc1E//ZS8S+vF5tRzU+YjGJDJVkuGsUcm hCmr8MhU5QYPrMEE8XsrZBMsMLE2IByNoSvT+H/pF10vZJbvLkoNC5XcWTBCTgF58ADVdAA16AJWoCAO/AAnsCzEzqPzovzumzNOKuZY/ADztsn8eGPY g==</latexit>t1
<latexit sha1_base64="Ynqb8X5/kiOyHX7xonGGLyOZ6hM=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO 7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+x7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0 PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllG lhbyVsRDVlaNMp2RC85ZdXSatW9S6qtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwbmjaA=</latexit>
t2
<latexit sha1_base64="QkhZeJ8/5ytPGp7NPNhyJyw1LQM=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO 7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+zX+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3p em6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKN PC3krYiGrK0KZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAIao2h</latexit>
t3
<latexit sha1_base64="YA629ranIPUmZ/dNXTUQvIjXXco=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY9FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd 3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3WO/3i9X3Ko7B1klXk4qkKPZL3/1BjFLI66QSWpM 13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQp kW9lbCRlRThjadkg3BW355lbRrVa9erd1dVBrXeRxFOIFTOAcPLqEBt9CEFjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEJ7o2i</latexit>
t4
<latexit sha1_base64="kvzirz6aNm1jEPuCbgidbQ+gP1A=">AAAB6 nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHoxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3 bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSA/Zr/VLZrbhzkFXi5aQMORr90ldvELM04gqZpMZ0 PTdBP6MaBZN8WuylhieUjemQdy1VNOLGz+anTsm5VQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllG lhbyVsRDVlaNMp2hC85ZdXSata8S4r1ftauX6Tx1GAUziDC/DgCupwBw1oAoMhPMMrvDnSeXHenY9F65qTz5zAHzifPwtyjaM=</latexit>
Type 4
CFAB∣CD = (1 − γ)2(1 − 2/3 exp(−t1 − t2 − t3))+ 2γ(1 − γ)(1 − 2/3 exp(−t1 − t2))+ γ2(1 − 2/3 exp(−t1 − t2 − t4))
CFAC∣BD = (1 − γ)2(1/3 exp(−t1 − t2 − t3))+ 2γ(1 − γ)(1/3 exp(−t1 − t2))+ γ2(1/3 exp(−t1 − t2 − t4))
CFAD∣BC = (1 − γ)2(1/3 exp(−t1 − t2 − t3))+ 2γ(1 − γ)(1/3 exp(−t1 − t2))+ γ2(1/3 exp(−t1 − t2 − t4))
ABCD
<latexit sha1_base64="1ibJJD +OTOVAsOjZJR2nd9v763Q=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ 4KrtV0GNtPXisYD+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHb X0w8Hhvhpl5QcyZNq777aytb2xubRd2irt7+weHpaPjto4SRWiLRDxS 3QBrypmkLcMMp91YUSwCTjvBpJH5nSeqNIvko5nG1Bd4JFnICDaZdFt v3A1KZbfizoFWiZeTMuRoDkpf/WFEEkGlIRxr3fPc2PgpVoYRTmfFfq JpjMkEj2jPUokF1X46v3WGzq0yRGGkbEmD5urviRQLracisJ0Cm7Fe 9jLxP6+XmPDGT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJ sPEUbgrf88ippVyveZaX6cFWu1fM4CnAKZ3ABHlxDDe6hCS0gMIZneI U3RzgvzrvzsWhdc/KZE/gD5/MHNSmNsA==</latexit>
ABCD
<latexit sha1_base64="1ibJJD +OTOVAsOjZJR2nd9v763Q=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ 4KrtV0GNtPXisYD+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHb X0w8Hhvhpl5QcyZNq777aytb2xubRd2irt7+weHpaPjto4SRWiLRDxS 3QBrypmkLcMMp91YUSwCTjvBpJH5nSeqNIvko5nG1Bd4JFnICDaZdFt v3A1KZbfizoFWiZeTMuRoDkpf/WFEEkGlIRxr3fPc2PgpVoYRTmfFfq JpjMkEj2jPUokF1X46v3WGzq0yRGGkbEmD5urviRQLracisJ0Cm7Fe 9jLxP6+XmPDGT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJ sPEUbgrf88ippVyveZaX6cFWu1fM4CnAKZ3ABHlxDDe6hCS0gMIZneI U3RzgvzrvzsWhdc/KZE/gD5/MHNSmNsA==</latexit>
ABCD
<latexit sha1_base64="1ibJJD+OTOVAsOjZJR2nd9v763Q=">AAA B63icbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GNtPXisYD+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777aytb2xub Rd2irt7+weHpaPjto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvBpJH5nSeqNIvko5nG1Bd4JFnICDaZdFtv3A1KZbfizoFWiZeTMuRoDkpf/W FEEkGlIRxr3fPc2PgpVoYRTmfFfqJpjMkEj2jPUokF1X46v3WGzq0yRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDGT5mME0MlWSwKE45M hLLH0ZApSgyfWoKJYvZWRMZYYWJsPEUbgrf88ippVyveZaX6cFWu1fM4CnAKZ3ABHlxDDe6hCS0gMIZneIU3RzgvzrvzsWhdc/KZE/gD5/MHN SmNsA==</latexit>
ABCD
<latexit sha1_base64="1ibJJD+OTOVAsOjZJR2nd9v763Q=">AAA B63icbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GNtPXisYD+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777aytb2xub Rd2irt7+weHpaPjto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvBpJH5nSeqNIvko5nG1Bd4JFnICDaZdFtv3A1KZbfizoFWiZeTMuRoDkpf/W FEEkGlIRxr3fPc2PgpVoYRTmfFfqJpjMkEj2jPUokF1X46v3WGzq0yRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDGT5mME0MlWSwKE45M hLLH0ZApSgyfWoKJYvZWRMZYYWJsPEUbgrf88ippVyveZaX6cFWu1fM4CnAKZ3ABHlxDDe6hCS0gMIZneIU3RzgvzrvzsWhdc/KZE/gD5/MHN SmNsA==</latexit>
 
<latexit sha1_base64="G6iu8GCUXsFyscTfcyFGZ/nO9+8=">AAAB7X icdVDLSgMxFM3UV62vqks3wSK4GjKtfe2KblxWsA9oh5JJ0zY2yQxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEHGmDUIfTmZtfWNzK7ud29nd2z /IHx61dRgrQlsk5KHqBlhTziRtGWY47UaKYhFw2gmmV6nfuadKs1DemllEfYHHko0YwcZK7f4YC4EH+QJyUaVcLyGI3DLyqvW6JQhVaqUi9CxJUQArN Af59/4wJLGg0hCOte55KDJ+gpVhhNN5rh9rGmEyxWPas1RiQbWfLK6dwzOrDOEoVLakgQv1+0SChdYzEdhOgc1E//ZS8S+vF5tRzU+YjGJDJVkuGsUcm hCmr8MhU5QYPrMEE8XsrZBMsMLE2IByNoSvT+H/pF10vZJbvLkoNC5XcWTBCTgF58ADVdAA16AJWoCAO/AAnsCzEzqPzovzumzNOKuZY/ADztsn8eGPY g==</latexit>
t1
<latexit sha1_base64="Ynqb8X5/kiOyHX7xonGGLyOZ6hM=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO 7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+x7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0 PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllG lhbyVsRDVlaNMp2RC85ZdXSatW9S6qtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwbmjaA=</latexit>
Type 5
CFAB∣CD = 1 − 2/3 exp(−t1)
CFAC∣BD = 1/3 exp(−t1)
CFAD∣BC = 1/3 exp(−t1)
Figure 7: Five different semi-directed level-1 4-taxon networks with one hybridization event, up to
tip re-labelling.
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C.2.1 Equivalence to quarnet types in [10]
Note that our five quarnet types are related to the four quarnet types defined in [10] (their Figure 4).
In their work, [10] define four types of quarnets:
• their type 1 corresponds to a quartet, which is equivalent to our type 5,
• their type 2 is the undirected version of our type 1 and type 2,
• their type 3 is not any of our types as we are restricting to the case of only one hybridization,
• their type 4 corresponds to our type 3.
We have one extra type (type 4), since in [10], the authors suppress any parallel edges and thus, our
type 4 corresponds to a quartet in [10].
D Figures and tables for proof of Theorem 1
 
n0
Figure 8: 3-cycle network and its corresponding major tree (see Lemma 3 for justification on
comparison to the major tree). We find solutions to the equations CF (N ,z,γ) = CF (T ,w) that
would imply that the same set of CFs could be produced by both the network N and the tree T . Here
zi = exp(−ti) for branch length ti in N , and wi = exp(−t′i) for branch length t′i in T .
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 z1,2 = 1(t1,2 = 0)
 
z1 = 0, z2 = 0(t1 =∞, t2 =∞)
 
z0 = 0, z2 = 0(t0 =∞, t2 =∞)
 
z0 = 0, z1 = 0(t0 =∞, t1 =∞) z2 = 0(t2 =∞)(1− γ)(z0,1 − 1) = γ(z0,2 + z1,2 − 2)  z1 = 0(t1 =∞)γ(z0,2 − 1) = (1− γ)(z1,2 + z0,1 − 2)Figure 9: Non-detectable 3-cycles: Cases when the hybridization on a 3-cycle network is notdetectable for γ ∈ (0,1). Note that infinite branch lengths refer to the case of no ILS, so forexample, on the second networkon the first row, all individualsfrom the subgraphs labeled n1 andn2 would have coalescedon aninfinitelylongbranch,and thus,the subgraphtriangles are replacedby nodes whichrepresent n1 = n2 = 1. These cases with infinitely long branchesviolate the A1-A2assumptions. 26
Table 1: Systems of CF polynomial equations for the case of ki = 3. Here, n = (n0, n1, n2) in Figure
8, and “Type” corresponds to the type of quarnet in Figure 7.
n Type CF (N ,z,γ) CF (T ,w)
(0,2,2) Tree 1 − 2
3
z1z1,2z2 1 − 23w2w1
1
3
z1z1,2z2
1
3
w2w1
1
3
z1z1,2z2
1
3
w2w1(1,1,2) 2 (1 − γ) (1 − 2
3
z2z1,2) + γ (1 − 23z2) 1 − 23w2(1 − γ) 1
3
z2z1,2 + γ 13z2 13w2(1 − γ) 1
3
z2z1,2 + γ 13z2 13w2(1,2,1) 2 (1 − γ) (1 − 2
3
z1) + γ (1 − 23z1z1,2) 1 − 23w1(1 − γ) 1
3
z1 + γ 13z1z1,2 13w1(1 − γ) 1
3
z1 + γ 13z1z1,2 13w1(2,0,2) 4 (1 − γ)2 (1 − 2
3
z2z0z1,2z0,1) + 2γ(1 − γ) (1 − 23z2z0) + γ2 (1 − 23z2z0z0,2) 1 − 23w2w0(1 − γ)2 1
3
z2z0z1,2z0,1 + 2γ(1 − γ) 13z2z0 + γ2 13z2z0z0,2 13w2w0(1 − γ)2 1
3
z2z0z1,2z0,1 + 2γ(1 − γ) 13z2z0 + γ2 13z2z0z0,2 13w2w0(2,1,1) 1 (1 − γ)2 (1 − 2
3
z0z0,1) + 2γ(1 − γ) (1 − z0 + 13z0z1,2) + γ2 (1 − 23z0z0,2) 1 − 23w0(1 − γ)2 1
3
z0z0,1 + γ(1 − γ)z0 (1 − 13z1,2) + γ2 13z0z0,2 13w0(1 − γ)2 1
3
z0z0,1 + γ(1 − γ)z0 (1 − 13z1,2) + γ2 13z0z0,2 13w0(2,2,0) 4 (1 − γ)2 (1 − 2
3
z1z0z0,1) + 2γ(1 − γ) (1 − 23z1z0) + γ2 (1 − 23z1z0z1,2z0,2) 1 − 23w1w0(1 − γ)2 1
3
z1z0z0,1 + 2γ(1 − γ) 13z1z0 + γ2 13z1z0z1,2z0,2 13w1w0(1 − γ)2 1
3
z1z0z0,1 + 2γ(1 − γ) 13z1z0 + γ2 13z1z0z1,2z0,2 13w1w0
z1
n0
Figure 10: 4-cycle network and its corresponding tree representation (see Lemma 3 for justification
on comparison to a tree). We find solutions to the equations CF (N ,z,γ) = CF (T ,w) that would
imply that the same set of CFs could be produced by both the network N and the tree T . Note that
we do not eliminate degree-2 nodes in the tree T simply for ease of notation and comparison to N .
Here zi = exp(−ti) for branch length ti in N , and wi = exp(−t′i) for branch length t′i in T .
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z1
z1
Figure 11: Left: Non-detectable 4-cycle network: Cases when the hybridization on a 4-cycle network
is not detectable for γ ∈ (0,1) correspond to the case when t2,3 = 0 in Figure 10 and thus, the 4-cycle
becomes a 3-cycle. Right: Non-detectable k-cycle network (k ≥ 5): Cases when the hybridization on
a k-cycle network for k ≥ 5 is not detectable for γ ∈ (0,1) correspond to the case when t˜ = t2,4 = 0 in
Figure 12 and thus, the k-cycle becomes a 3-cycle.
Table 2: Systems of CF polynomial equations for the case of ki = 4. Here we do not repeat the minor
CF equations for the cases when there are two equal. Also, n = (n0, n1, n2, n3) as in Figure 10, and
“Type” corresponds to the type of quarnet in Figure 7.
n Type CF (N ,z,γ) CF (T ,w)
(0,0,2,2) Tree 1 − 23z2z2,3z3 1 − 23w2w2,3w3
1
3z2z2,3z3
1
3w2w2,3w3(0,1,2,1) Tree 1 − 23z2,3z2 1 − 23w2,3w2
1
3z2,3z2
1
3w2,3w2(0,1,1,2) Tree 1 − 23z3 1 − 23w3
1
3z3
1
3w3(0,2,2,0) Tree 1 − 23z2z2,3z1,3z1 1 − 23w2w2,3w1,3w1
1
3z2z2,3z1,3z1
1
3w2w2,3w1,3w1(0,2,1,1) Tree 1 − 23z1z1,3 1 − 23w1,3w1
1
3z1z1,3
1
3w1,3w1(0,2,0,2) Tree 1 − 23z3z1,3z1 1 − 23w3w1,3w1
1
3z3z1,3z1
1
3w3w1,3w1(1,0,2,1) 2 (1 − γ) (1 − 23z2,3z2) + γ (1 − 23z2) 1 − 23w2,3w2(1 − γ) 13z2,3z2 + γ 13z2 13w2,3w2(1,0,1,2) 2 (1 − γ) (1 − 23z3) + γ (1 − 23z2,3z3) 1 − 23w3(1 − γ) 13z3 + γ 13z2,3z3 13w3(1,1,2,0) 2 (1 − γ) (1 − 23z1,3z2,3z2) + γ (1 − 23z2) 1 − 23w1,3w2,3w2(1 − γ) 13z1,3z2,3z2 + γ 13z2 13w1,3w2,3w2(1,1,1,1) 3 (1 − γ) (1 − 23z1,3) + γ 13z2,3 1 − 23w1,3(1 − γ) 13z1,3 + γ (1 − 23z2,3) 13w1,3(1 − γ) 13z1,3 + γ 13z2,3 13w1,3
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z1
n0
Figure 12: 5-cycle network and its corresponding tree representation (see Lemma 3 for justification
on comparison to tree). We find solutions to the equations CF (N ,z,γ) = CF (T ,w) that would
imply that the same set of CFs could be produced by both the network N and the tree T . The dotted
path represent the possibility of a large cycle (k > 5) which by Lemma 4 has the same hybridization
detectability properties. Note that we do not eliminate degree-2 nodes in the tree T simply for ease
of notation and comparison to N . Here zi = exp(−ti) for branch length ti in N , and wi = exp(−t′i)
for branch length t′i in T .
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2 3
z 1
,3
z 1
)
1
−2 3w
1
(1−γ
)1 3z 1
+γ1 3z
1
,3
z 1
1 3
w
1
(2,0,
0
,2
,0
)4
(1−γ
)2 ( 1
−2 3z 3
z 0
z 0
,1
z 1
,3
) +2γ
(1−γ
)( 1−
2 3
z 3
z 0
) +γ
2
( 1−
2 3
z 3
z 0
z 0
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z 2
,4
z 4
,6
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,7
z 5
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−2 3w
3
w
1
,3
w
0
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w
0
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z 0
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,3
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1
−γ)1 3
z 3
z 0
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z 3
z 0
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,2
z 2
,4
z 4
,6
z 6
,7
z 5
,7
z 3
,5
1 3
w
3
w
1
,3
w
0
,1
w
0
(2,1,
0
,1
,0
)1
(1−γ
)2 ( 1
−2 3z 0
z 0
,1
) +2γ
(1−γ
)( 1−
z 0
+1 3z 0
z 1
,3
) +γ
2
( 1−
2 3
z 0
z 0
,2
z 2
,4
z 4
,6
z 6
,7
z 5
,7
z 3
,5
)
1
−2 3w
0
,1
w
0
(1−γ
)21 3z 0
z 0
,1
+γ(1
−γ)z
0
( 1−
1 3
z 1
,3
) +γ
2
1 3
z 0
z 0
,2
z 2
,4
z 4
,6
z 6
,7
z 5
,7
z 3
,5
1 3
w
0
,1
w
0
(2,2,
0
,0
,0
)4
(1−γ
)2 ( 1
−2 3z 1
z 0
z 0
,1
) +2γ
(1−γ
)( 1−
2 3
z 1
z 0
) +γ
2
( 1−
2 3
z 1
z 0
z 0
,2
z 2
,4
z 4
,6
z 6
,7
z 5
,7
z 3
,5
z 1
,3
) 1
−2 3w
1
w
0
,1
w
0
(1−γ
)21 3z 1
z 0
z 0
,1
+2γ(
1
−γ)1 3
z 1
z 0
+γ21 3
z 1
z 0
z 0
,2
z 2
,4
z 4
,6
z 6
,7
z 5
,7
z 3
,5
z 1
,3
1 3
w
1
w
0
,1
w
0
(0,1,
1
,2
,0
)T
re
e
1
−2 3z 3
1
−2 3w
3
1 3
z 3
1 3
w
3
(0,2,
1
,1
,0
)T
re
e
1
−2 3z 1
,3
z 1
1
−2 3w
1
,3
w
1
1 3
z 1
,3
z 1
1 3
w
1
,3
w
1
(1,0,
1
,2
,0
)2
(1−γ
)( 1−
2 3
z 3
) +γ
( 1−
2 3
z 2
,4
z 4
,6
z 6
,7
z 5
,7
z 3
,5
z 3
)
1
−2 3w
3
(1−γ
)1 3z 3
+γ1 3z
2
,4
z 4
,6
z 6
,7
z 5
,7
z 3
,5
z 3
1 3
w
3
(1,1,
1
,1
,0
)3
(1−γ
)( 1−
2 3
z 1
,3
) +γ
1 3
z 2
,4
z 4
,6
z 6
,7
z 5
,7
z 3
,5
1
−2 3w
1
,3
(1−γ
)1 3z 1,
3
+γ( 1
−2 3z 2
,4
z 4
,6
z 6
,7
z 5
,7
z 3
,5
)
1 3
w
1
,3
(1−γ
)1 3z 1,
3
+γ1 3z
2
,4
z 4
,6
z 6
,7
z 5
,7
z 3
,5
1 3
w
1
,3
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(1,2,
1,
0
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)2
(1−γ
)( 1−
2 3
z 1
) +γ
( 1−
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z 2
,4
z 4
,6
z 6
,7
z 5
,7
z 3
,5
z 1
,3
z 1
)
1
−2 3w
1
(1−γ
)1 3z 1
+γ1 3z
2
,4
z 4
,6
z 6
,7
z 5
,7
z 3
,5
z 1
,3
z 1
1 3
w
1
(2,0,
1,
1
,0
)1
(1−γ
)2 ( 1
−2 3z 0
z 1
,3
z 0
,1
) +2γ
(1−γ
)( 1−
z 0
+1 3z 0
z 2
,4
z 4
,6
z 6
,7
z 5
,7
z 3
,5
) +γ
2
( 1−
2 3
z 0
z 0
,2
)
1
−2 3w
1
,3
w
0
,1
w
0
(1−γ
)21 3z 0
z 1
,3
z 0
,1
+γ(1
−γ)z
0
( 1−
1 3
z 2
,4
z 4
,6
z 6
,7
z 5
,7
z 3
,5
) +γ
2
1 3
z 0
z 0
,2
1 3
w
1
,3
w
0
,1
w
0
(2,1,
1,
0
,0
)1
(1−γ
)2 ( 1
−2 3z 0
z 0
,1
) +2γ
(1−γ
)( 1−
z 0
+1 3z 0
z 2
,4
z 4
,6
z 6
,7
z 5
,7
z 3
,5
z 1
,3
) +γ
2
( 1−
2 3
z 0
z 0
,2
)
1
−2 3w
0
,1
w
0
(1−γ
)21 3z 0
z 0
,1
+γ(1
−γ)z
0
( 1−
1 3
z 2
,4
z 4
,6
z 6
,7
z 5
,7
z 3
,5
z 1
,3
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2
1 3
z 0
z 0
,2
1 3
w
0
,1
w
0
(0,0,
2,
2
,0
)T
re
e
1
−2 3z 2
z 2
,4
z 4
,6
z 6
,7
z 5
,7
z 3
,5
z 3
1
−2 3w
2
w
2
,4
w
4
,6
w
6
,7
w
5
,7
w
3
,5
w
3
1 3
z 2
z 2
,4
z 4
,6
z 6
,7
z 5
,7
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,5
z 3
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w
2
w
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,4
w
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,6
w
6
,7
w
5
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(0,1,
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1
,0
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1
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,5
z 5
,7
z 6
,7
z 4
,6
z 2
,4
z 2
1
−2 3w
3
,5
w
5
,7
w
6
,7
w
4
,6
w
2
,4
w
2
1 3
z 3
,5
z 5
,7
z 6
,7
z 4
,6
z 2
,4
z 2
1 3
w
3
,5
w
5
,7
w
6
,7
w
4
,6
w
2
,4
w
2
(0,2,
2,
0
,0
)T
re
e
1
−2 3z 2
z 2
,4
z 4
,6
z 6
,7
z 5
,7
z 3
,5
z 1
,3
z 1
1
−2 3w
2
w
2
,4
w
4
,6
w
6
,7
w
5
,7
w
3
,5
w
1
,3
w
1
1 3
z 2
z 2
,4
z 4
,6
z 6
,7
z 5
,7
z 3
,5
z 1
,3
z 1
1 3
w
2
w
2
,4
w
4
,6
w
6
,7
w
5
,7
w
3
,5
w
1
,3
w
1
(1,0,
2,
1
,0
)2
(1−γ
)( 1−
2 3
z 3
,5
z 5
,7
z 6
,7
z 4
,6
z 2
,4
z 2
) +γ
( 1−
2 3
z 2
)
1
−2 3w
3
,5
w
5
,7
w
6
,7
w
4
,6
w
2
,4
w
2
(1−γ
)1 3z 3,
5
z 5
,7
z 6
,7
z 4
,6
z 2
,4
z 2
+γ1 3z
2
1 3
w
3
,5
w
5
,7
w
6
,7
w
4
,6
w
2
,4
w
2
(1,1,
2,
0
,0
)2
(1−γ
)( 1−
2 3
z 1
,3
z 3
,5
z 5
,7
z 6
,7
z 4
,6
z 2
,4
z 2
) +γ
( 1−
2 3
z 2
)
1
−2 3w
1
,3
w
3
,5
w
5
,7
w
6
,7
w
4
,6
w
2
,4
w
2
(1−γ
)1 3z 1,
3
z 3
,5
z 5
,7
z 6
,7
z 4
,6
z 2
,4
z 2
+γ1 3z
2
1 3
w
1
,3
w
3
,5
w
5
,7
w
6
,7
w
4
,6
w
2
,4
w
2
(2,0,
2,
0
,0
)4
(1−γ
)2 ( 1
−2 3z 2
z 0
z 0
,1
z 1
,3
z 3
,5
z 5
,7
z 6
,7
z 4
,6
z 2
,4
) +2γ
(1−γ
)( 1−
2 3
z 2
z 0
) +γ
2
( 1−
2 3
z 2
z 0
z 0
,2
) 1
−2 3w
2
w
2
,4
w
4
,6
w
6
,7
w
5
,7
w
3
,5
w
1
,3
w
0
,1
w
0
(1−γ
)21 3z 2
z 0
z 0
,1
z 1
,3
z 3
,5
z 5
,7
z 6
,7
z 4
,6
z 2
,4
+2γ(
1
−γ)1 3
z 2
z 0
+γ21 3
z 2
z 0
z 0
,2
1 3
w
2
w
2
,4
w
4
,6
w
6
,7
w
5
,7
w
3
,5
w
1
,3
w
0
,1
w
0
(0,1,
0,
2
,1
)T
re
e
1
−2 3z 3
1
−2 3w
3
1 3
z 3
1 3
w
3
(0,2,
0,
1
,1
)T
re
e
1
−2 3z 1
,3
z 1
1
−2 3w
1
,3
w
1
1 3
z 1
,3
z 1
1 3
w
1
,3
w
1
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(1,0,
0,
2,
1)
2
(1−γ
)( 1−
2 3
z 3
) +γ
( 1−
2 3
z 4
,6
z 6
,7
z 5
,7
z 3
,5
z 3
)
1
−2 3w
3
(1−γ
)1 3z 3
+γ1 3z
4
,6
z 6
,7
z 5
,7
z 3
,5
z 3
1 3
w
3
(1,1,
0,
1,
1)
3
(1−γ
)( 1−
2 3
z 1
,3
) +γ
1 3
z 2
,4
1
−2 3w
1
,3
(1−γ
)1 3z 1,
3
+γ( 1
−2 3z 2
,4
)
1 3
w
1
,3
(1−γ
)1 3z 1,
3
+γ1 3z
2
,4
1 3
w
1
,3
(1,2,
0,
0,
1)
2
(1−γ
)( 1−
2 3
z 1
) +γ
( 1−
2 3
z 4
,6
z 6
,7
z 5
,7
z 3
,5
z 1
,3
z 1
)
1
−2 3w
1
(1−γ
)1 3z 1
+γ1 3z
4
,6
z 6
,7
z 5
,7
z 3
,5
z 1
,3
z 1
1 3
w
1
(2,0,
0,
1,
1)
1
(1−γ
)2 ( 1
−2 3z 0
z 0
,1
z 1
,3
) +2γ
(1−γ
)( 1−
z 0
+1 3z 0
z 4
,6
z 6
,7
z 5
,7
z 3
,5
) +γ
2
( 1−
2 3
z 0
z 0
,2
z 2
,4
) 1
−2 3w
1
,3
w
0
,1
w
0
(1−γ
)21 3z 0
z 0
,1
z 1
,3
+γ(1
−γ)z
0
( 1−
1 3
z 4
,6
z 6
,7
z 5
,7
z 3
,5
) +γ
2
1 3
z 0
z 0
,2
z 2
,4
1 3
w
1
,3
w
0
,1
w
0
(2,1,
0,
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1)
1
(1−γ
)2 ( 1
−2 3z 0
z 0
,1
) +2γ
(1−γ
)( 1−
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+1 3z 0
z 4
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z 6
,7
z 5
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z 3
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z 1
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−2 3w
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−γ)z
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5
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3
,5
w
3
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4
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6
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5
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3
(0,1,
1,
1,
1)
Tr
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1
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3
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w
5
,7
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)
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4
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6
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1
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(1−γ
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,3
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z 6
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)
1
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4
,6
w
6
,7
w
5
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w
3
,5
w
1
,3
w
0
,1
w
0
(1−γ
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z 0
,1
z 1
,3
z 3
,5
z 5
,7
z 6
,7
z 4
,6
+γ(1
−γ)z
0
( 1−
1 3
z 2
,4
) +γ
2
1 3
z 0
z 0
,2
1 3
w
4
,6
w
6
,7
w
5
,7
w
3
,5
w
1
,3
w
0
,1
w
0
(0,0,
2
,1
,1
)T
re
e
1
−2 3z 2
,4
z 2
1
−2 3w
2
,4
w
2
1 3
z 2
,4
z 2
1 3
w
2
,4
w
2
(0,1,
2
,0
,1
)T
re
e
1
−2 3z 2
,4
z 2
1
−2 3w
2
,4
w
2
1 3
z 2
,4
z 2
1 3
w
2
,4
w
2
(1,0,
2
,0
,1
)2
(1−γ
)( 1−
2 3
z 2
,4
z 2
) +γ
( 1−
2 3
z 2
)
1
−2 3w
2
,4
w
2
(1−γ
)1 3z 2,
4
z 2
+γ1 3z
2
1 3
w
2
,4
w
2
(0,0,
0
,2
,2
)T
re
e
1
−2 3z 4
z 4
,6
z 6
,7
z 5
,7
z 3
,5
z 3
1
−2 3w
4
w
4
,6
w
6
,7
w
5
,7
w
3
,5
w
3
1 3
z 4
z 4
,6
z 6
,7
z 5
,7
z 3
,5
z 3
1 3
w
4
w
4
,6
w
6
,7
w
5
,7
w
3
,5
w
3
(0,1,
0
,1
,2
)T
re
e
1
−2 3z 3
,5
z 5
,7
z 6
,7
z 4
,6
z 4
1
−2 3w
3
,5
w
5
,7
w
6
,7
w
4
,6
w
4
1 3
z 3
,5
z 5
,7
z 6
,7
z 4
,6
z 4
1 3
w
3
,5
w
5
,7
w
6
,7
w
4
,6
w
4
(0,2,
0
,0
,2
)T
re
e
1
−2 3z 4
z 4
,6
z 6
,7
z 5
,7
z 3
,5
z 1
,3
z 1
1
−2 3w
4
w
4
,6
w
6
,7
w
5
,7
w
3
,5
w
1
,3
w
1
1 3
z 4
z 4
,6
z 6
,7
z 5
,7
z 3
,5
z 1
,3
z 1
1 3
w
4
w
4
,6
w
6
,7
w
5
,7
w
3
,5
w
1
,3
w
1
(1,0,
0
,1
,2
)2
(1−γ
)( 1−
2 3
z 3
,5
z 5
,7
z 6
,7
z 4
,6
z 4
) +γ
( 1−
2 3
z 4
)
1
−2 3w
3
,5
w
5
,7
w
6
,7
w
4
,6
w
4
(1−γ
)1 3z 3,
5
z 5
,7
z 6
,7
z 4
,6
z 4
+γ1 3z
4
1 3
w
3
,5
w
5
,7
w
6
,7
w
4
,6
w
4
(1,1,
0
,0
,2
)2
(1−γ
)( 1−
2 3
z 1
,3
z 3
,5
z 5
,7
z 6
,7
z 4
,6
z 4
) +γ
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2 3
z 4
)
1
−2 3w
4
w
4
,6
w
6
,7
w
5
,7
w
3
,5
w
1
,3
(1−γ
)1 3z 1,
3
z 3
,5
z 5
,7
z 6
,7
z 4
,6
z 4
+γ1 3z
4
1 3
w
4
w
4
,6
w
6
,7
w
5
,7
w
3
,5
w
1
,3
(2,0,
0
,0
,2
)4
(1−γ
)2 ( 1
−2 3z 4
z 0
z 0
,1
z 1
,3
z 3
,5
z 5
,7
z 6
,7
z 4
,6
) +2γ
(1−γ
)( 1−
2 3
z 4
z 0
) +γ
2
( 1−
2 3
z 4
z 0
z 0
,2
z 2
,4
) 1
−2 3w
4
w
4
,6
w
6
,7
w
5
,7
w
3
,5
w
1
,3
w
0
,1
w
0
(1−γ
)21 3z 4
z 0
z 0
,1
z 1
,3
z 3
,5
z 5
,7
z 6
,7
z 4
,6
+2γ(
1
−γ)1 3
z 4
z 0
+γ21 3
z 4
z 0
z 0
,2
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,4
1 3
w
4
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4
,6
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6
,7
w
5
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w
3
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w
1
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0
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1
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1
−2 3z 4
1
−2 3w
4
1 3
z 4
1 3
w
4
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Table 8: Systems of CF polynomial equations for the case of ki ≥ 5. Here we do not repeat the minor
CF equations for the cases when there are two equal. Also, n = (n0, n1, n2, n3, n4) as in Figure 12,
and “Type” corresponds to the type of quarnet in Figure 7.(0,1,1,0,2) Tree 1 − 2
3
z4 1 − 23w4
1
3
z4
1
3
w4(1,0,1,0,2) 2 (1 − γ) (1 − 2
3
z4) + γ (1 − 23z2,4z4) 1 − 23w4(1 − γ) 1
3
z4 + γ 13z2,4z4 13w4(0,0,2,0,2) Tree 1 − 2
3
z2z2,4z4 1 − 23w2w2,4w4
1
3
z2z2,4z4
1
3
w2w2,4w4
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